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INTRODUCTION. 



Def, I. If a point moves in a plane so that itis dis- 
tance from a fixed point is constant, it traces out a line 
which is called the circumference of a circle 

Def 2. The fixed point is called the centre of the circle. 

Def. 3. The distance of any point on the circumference 
from the centre is called the rddius. 

Def 4. A line through the centre, terminated both 
ways by the circumference, is called a diameter of a circle. 

Def, 5. Any portion of a circumference is called an arc. 

Def, 6. The figure enclosed by an arc and the radii to 
its extremities is called a sector, 

Def, 7. The line joining the extremities of an arc is 
called a chord of that arc. 

Def, 8. The parts into which a chord divides a circle 
are called segments. 

B 




2 ELEMENTARY GEOMETRY. 

Several properties of a circle follow at once from the 
definitions. 

1. Ali radii 6f d circle are 
equal, 

2. Ail diameters dfa circle are 
^ual, 

3. A circle cannot cut a straight 
line ifi more points than two: for 
from the centre of the circle not more 
than two equal straight lifies can bt draiJon to nieet the give^l 
straight line, 

4. If a difcle lOere io rotate roUnd its ctntre its circuni^ 
ference would alwdys occupy the same position, 

5v Any arc is superposa^k on an equal arc of the sami 
circk, 

6. Circles are equal whose radii are equal. 

7. A point is outside, on, or inside the circumference 
according c^ its distance from the cen^e is greater than, equal 

Jo, or less th&n the radiUs, 



PROPERTIES OF CENTRE. 



SECTION I. 
PROPERtiES OF Centre. 

Theorem i. Rotatory Properties of the Circle. 

Equal arcs of a circle subtend equal angles at the centre^ 
and have equal chords; and conversely^ equal angles at the centre 
cut off equal arcs and have equal chords; and equal chords in 
a circle cut o^ equal arcs, and subtend equal angles at the centre. 

Let ABFQ be a circle, and let 
the arc AB be given equal to arc 
PQy then will the angle A OB at the 
centre = the angle POQ^ and the 
chord AB = the chord FQ, 

For if the sector A OB were 
to rotate round O till A fell on -P, 
B would fall on Q, (since arc AB^ 
arc PQ), and the angle A OB would 

coincide with POQ, and therefore is equal to it; and for the 
same reason the chord AB^Xki^ chord PQ, 

In the same manner it may be shewn that if the angle 
A OB is given equal to POQ, then the arcs and chords 
would coincide and are therefore equal. 

And if the chord AB is given equal to the chord PQy 
then the triangles A OB, POQ have the three sides of the 
one equal to the three sides of the other; and therefore the 

B 2 




4 ELEMENTARY GEOMETRY. 

angle AOB^Hsxq angle POQ\ and therefore also the arc 
AB = the arc PQ. 

Cor. I. If the arcs or angles of sectors of a circle are 
equcUy the sectors are equal. 

Cor. 2. In equal circles equal arcs subtend equal angles 
at the centre and cut off equal chords. 

Cor. 3. The diameter divides the circle into two equal 
partSy which are therefore called semicircles. 



Remark on Theorem i. 

The student has now had several examples of theorems, 
and their converse and opposite theorems, and it will be well 
for him to observe under what conditions a converse theorem 
is true. 

This may be generalized into the following statement. 
If Ay By C. as conditions involve 2> as a result, and the 
failure of C involves a failure of D\ then Ay By D.,. as 
conditions involve C as a result 

For example, in a circle, {A)y angles- at the centre, {B) 
which stand on equal arcs, (C), are equal, (Z>), 

and if the arcs are unequal, {the failure of C}, the angles are 
unequal, {the failure of D], 

Hence it follows logically that in a circle, {A)y angles at 
the centre, {B), which are equal (Z>), stand on equal arcs, (C). 

All converse theorems can be at once proved by the 
reductio ad absurdum, but we shall in general enunciate 
immediate converses, when they are true, without giving a 
detailed proof. 



SYMMETRY OF THE CIRCLE. 



Symmetry of a figure with respect to a line, 

Def, 9. A figure is said to be symmetrical with respect 
to a line, when every line at right angles to that line cuts 
the figure at points which are equidistant from that line. 

Thus the figure AFBQ 
is symmetrical with respect 
to AB, if every line PNQ 
at right angles to AB -^ 
cuts it so that 

/W= QN. 




Theorem 2. 
Symmetry of the Circle with respect to its Diameter. 

A circle is symmetrical with respect to any diameter. 

Let AB be any diameter, FNQ 
any line drawn perpendicular to 
ABy meeting the circle in jPand 
Q. Then shall FN=: NQ. 

For OFzxid OQ are equal ob- 
liques drawn from O to FQ, and 
therefore they are equally distant 
firom the perpendicular : and there- 
fore FN= NQ. (Part i, Th. 13.) 

Cor. I. Hence the semicircle AFB if folded over the 
line AB, would coincide with the semicircle AQB, FN falling 
on NQ ; and therefore the arc AP^ the arc A Qy and the arc 
FB=thearcBQ, 
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Cor. 2. Hence also parallel chords in a circle intercept 
equal arcs. 

If PQ^i RS are parallel chords, 
then will the arc PR - the arc 

QS: 

For when one semicircle is 
folded on the other, P would coin- 
cide with C and R with 5, and 
therefore the arc PR with the arc 

Cor. 3. This fundamental property of a circle, viz. its 
symmetry with respect to a diameter, gives rise to many 
theorems. For it appears that the diameter AB in the figure 
of Cor. 2 fulfils six conditions: (i) It is perpendicular to 
the chord PQ'y (2) it passes through the centre; (3) it bisects 
the chord ; (4) it bisects the arc QAP; (5) it bisects the 
arc PjBQ ; (6) it bisects any chord parallel to PQ, And 
since only one line can be drawn to fulfil any two of the 
above conditions^ it follows that a line which fulfils any two 
of theniy fulfils the remaining four. 

For example : the original theorem, with its first corol- 
lary, is (a) If a line fulfils (i) and (2), it also fulfils (3), 
(4) o,nd (s). 

Hence ()S) If a line bisects a chord ctt right angles (i) 
and (3), it must pa^s through the centre (2). 

And, (y) A line that bisects any chord and its arc, (3) 
and (4), will pass through the centre (2). 

And, (8) The line drawn from the centre to bisect a chord 
(2 and 3) is perpendicular to that chord (i).. 



SYMMETRY OF THE CIRCLE. J 

By combining these data in different ways, many dif- 
ferent theorems may be made. 



E?CERCISES. 

1. If a straight line cut two concentric circles, the 
parts of it intercepted between the two circumferences will 
be equal. 

2. Of two angles at the centre, the greater angle is 
subtended by the greater arc; and also by the greiater 
chord, if the sum of the two angles is less than four right 
angles. Prove this and its converse propositions. 

3. Perpendiculars are let fall from the extremities of a 
diameter on any chord, or any chord produced ; shew that 
the feet of the perpendiculars are equally distant from the 
centre. 

4< The locus of the points of bisection of parallel 
chords of a circle is the diameter at right angles to those 
chords. 

' 5. If a diameter of a circle bisects a chord which does 
not pass through the centre, it will bisect all chords which 
are parallel to it . 

6. AB and CD are unequal parallel chords in a circle, 
prove that AC and BD^ and likewise AD and BC inter- 
sect on the diameter perpendicular to AB and CD^ or thait 
diameter produced, and are equally incline4 to that dia- 
meter. 

Wh^t will fc^ the gas^ if 4,^ a^d Qff ^% equal? 
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Theorem 3. 

One circle^ and only one circle^ can he drawn to pass through 
three given points which are not in the same straight line. 

Let A^ Bj C be the three given 
points. Join ABy BC, 

Then since AB is to be a chord, 
the locus of the centre is the straight 
line that bisects AB at right angles. 
(Th. 2, Cor. j8*) 

Similarly, the line that bisects BC 2X right angles must 
pass through the centre. Hence the centre must be at Oy 
the point of intersection of these perpendiculars ; and the 
circle described with centre O and radius OA will pass 
through Ay jffand C 

And there can be only one centre, since the perpen- 
diculars intersect in only one point. 

The three points thus determine the circle* 

Cor. I. Circles that have three points in commony coin- 
cide wholly. 

Hence a circle is named by the letters which mark three 
points on its circumference. 

Cor. 2. Different circles can intersect in two points only, 

Def, 10. The circle is said to be circumscribed about the 
triangle ABCy and the triangle -^^Cis said to be inscribed 
in the circle, when the points Ay By C are on the circum- 
ference of the circle. 

Def, II. The distance of a chord from the centre is the 
perpendicular on the chord from the centre. 



PROPERTIES OF CENTRE. 



Theorem 4. 




Equal chords of a circle areeguaify distant from the centre^ 
and conversely ; and of two unequal chords the greater is 
nearer to the centre them the less^ and conversely. 

Let AB^ CD be chords of a 
circle, OM^ (^^V the perpendiculars 
on them from the centre, bisectiEkg 
the chords in M and N respec- 
tively. Join OCy OA, 

Then since -^and iVare right 
angles, therefore 

O^P + MC*=OC*, 
ON^^NA*^OA\ 
OC=-OA, and OC^^OA^-, 
OM^ + MC^ = ON^ + NA\ 

Hence, (i) if AB^ CD and AN= CM, 
it follows that OM=ON. 

(2) If AB > CD, AN> CM, 
and therefore OM is < ON. 

(3) If 0N= OM, 

therefore AN= CM and AB = CD. 

(4) If 0N<. OM, 

AN^ CM and AB> CD. 

Cor. I. The diameter is the greatest chord of a circle. 

CoR. 2. The locus of the middle points of equal chords 
in a circle is a concentric circle. 



and 
but 
therefore 
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Exercises. 

1. Given a triangle ABC to find the centre of the cir- 
cumscribing circle. 

2. A chord 8 inches long is drawn in a circle whose 
radius is 5 inches ; find the distance of the chord from the 
centre. 

3. A chord is drawn at the distance of one foot from 
the centre of a circle whose diameter is 26 inches; find the 
length of the chord. 

4. Given a circle to find its centre. 

5. If two equal chords intersect one another, the seg- 
ments of the one are equal to the segments of the other 
respectively. 

6. Two chords cannot bisect one another unless both 
pass through the centre. 

7. Given a curve, to ascertain whether it is an arc of a 
circle or not 
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SECTION II. 

Angles in Segments of the Circle. 

Theorem 5. 

The angle subtended at any point in the circumference by 
any arc of a circle is half of the angle subtended by the 
same arc at the centre. 

Let AB be any arc, O the centre, P any point on the 





circumference. Then will the angle A OB be double of 
the angle APB. 

Join PO^ and produce it to Q, 

Then because, from the definition of a circle, OPA is 
an isosceles triangle, the angle OAP^\}s\^ angle OPA: 
but the exterior angle A OQ is equal to the two interior 
and opposite angles OAP and OPA, and therefore the 
angle AOQ is double of the angle OPA, Similarly the 
angle QOB is double of the angle OPB, 

Hence (in fig. i) the sum, or (in fig. 2) the difference 
of the angles AOQ, QOB is double of the sum or dif- 
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ference of OP A and OPB, that is, the angle AOB is double 
of the angle APB^ or the angle APE is half of the angle 
AOB. 

Def. 1 2. The angle APB is said to be the angle in the 
segment APB, 

Cor. I. Angles in the same segment of a circle are equal 
to one another. 

For each of the angles APB^ 
AQB is half of the angle sub- 
tended at the centre by the arc / / \^ 
APB, 

The segment APQB is said 
to be capable of an angle equal 
to the angle APB or A QB. ^ -<fl 

Remark. It is important to remember here that angles 
may be greater than two right angles, and that the ex- 
istence of such angles is contemplated in the foregoing 
theorem and corollary. 

Thus, if a line be conceived to revolve round O start- 
ing from an initial position OA^ and revolving in the 




direction of the arrow, it describes an angle of constantly 
increasing magnitude; when it reaches the position OB 
it has described an angle equal to two right angles; and 
in the position OQ il has described an angle greater than 
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two right angles. There are thus two angles AOQ, one 
taken in the direction of the "arrow greater than two right 
angles, and the other taken in the opposite direction less 
than two right angles. 

Thus, in the figure, the angle 
BOA standing on the arc A CB is 
less than two right angles ; and the 
angle A OB on the arc ADB is 
greater than two right angles. 

Hence it is clear that the 
angle at the centre standing on 
any arc is less than, equal to, 
or greater than two right angles 

according as the arc is less than, equal to, or greater than 
a semi-circumference. 

Cor. 2. If a circle is divided into any two segments by 
a chordy the angles in the segments will be supplementary to 
one another. 

For of the two angles at O, the one is double of the 
angle in the segment ADB, and the other of the angle in 
the segment A CB. 

But the angles at O make up four 
right angles, therefore the angles in 
the segments AC By ADB make up 
two right angles. 

These segments are called Supple- 
mentary Segments. 

Cor. 3. The angle in a semicircle is a right an^e. 




H 
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For let APB be a semicircle: 
then the angle in the segment is 
half the angle at the centre : that 
is, the angle APB is half the 
angle A OB, which is two right 
angles; therefore the angle APB \ J 

is a right angle. 

Drf, 13. A polygon is said to ^ ' 

be inscribed in a circle, when its angular points are on the 
circumference of the circle. 

Cor. 4. The opposite angles of every quadrilateral figure 
inscribed in a circle are together equal 
to two right angles. 

For the segments ABC, ADC 
are supplementary segments, and so 
also are the segments BAD, BCD, 

Therefore by Cor. 3 the angles 
ABCy ADC are together equal to 
two right angles; and the angles 
BAD, BCD are also together equal 
to two right angles. 

Cor. 5. The locus of a point at which a given straight 
line subtends a constant angle is an arc of a circle. 

For if AB be the given straight 
line, and on it there is described a 
segment capable of the given angle, 
at every point in the arc the straight 
line subtends the given angle, and 
at every other point the angle is 
greater or less, according as it is 
within or without the segment. 

The segment may be described on both sides of the 
line AB, 
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It will be seen that this is the converse and opposite of 
Cor. I. 

Cor. 6. In equal circles equal angles at the circumferences 
stand upon equal arcs^ and conversely. 

This may be proved by superposition. 

Exercises. * 

1. Prove that the lines which join the extremities of 
equal arcs in a circle are either equal or parallel 

2. If two opposite angles of a quadrilateral figure are 
together equal to two right angles, prove that a circle which 
passes through three of its angular points will also pass 
through the fourth. 

3. If two opposite sides of a quadrilateral inscribed 
in ^ circle are equal, prove that the other two are parallel 

4. AS^ CD are chords of a circle which cut at a con- 
stant angle. Prove that the sum of the arcs AC^ BD 
remains constant, whatever may be the position of the 
thotds. 

J. If the diameter of a circle be one of the equal 
sides of an isosceles triangle, prove that its circumference 
will bisect the base of the triangle. 

6. Circles are described on two sides of a triangle as 
diameters. Prove that they will intersect on the third side 
or third side produced. 

7. Any number of chords of a circle are drawn through 
ia point on its circumference : find the locus of their middle 
points. 

8. If through any point, within or without a circle, 
Utt^S ire drawn to cut the circle, prove that the locus of 
thd middle points of thd chords so formed is a circle. 
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SECTION III. 

The Tangent and Normal. 

Drf, 14. When a straight line cuts a circle it is called 
a secant 

Thus ABCD is a secant of the circle ACE, 




Def, 15. When one of the points in which a secant cuts 
a circle is made to move up to, and ultimately coincide with 
the other, the ultimate position of the secant is called the 
tangent at that point 

Thus, MABCD be conceived to revolve round By in 
the direction of the arrow, the point C will move to C and 
will ultimately coincide with B^ and the line TBSy which is 
the position the secant then attains, is said to be a tangent 
to the circle at the point B. 

The point B is then called the point of contact. 

Several important properties follow at once from this 
definition of a tangent 



THE TANGENT. I? 

Theorem 6. 

A tangent meets the circle in one point only, viz. the point 
of contact 

For since a secant can cut a circle in two points only, 
it follows that the parts AB, CD are wholly without the 
circle; and therefore when C moves up to B, and the chord 
-^Cis merged in the point B, the whole line, with excep- 
tion of the point B, is outside the circle. 

Theorem 7. 

The radius to the point of contact is at right angles to the 
tangent. 

For if i^be the middle point of the chord BC, 0F'\% 
perpendicular to BC\ and as C moves to -5, F will also 
move up to B, and when the secant becomes a tangent, OF, 
which is always at right angles to the secant, coincides with 
the radius OB, 

Therefore OB is at right angles to the tangent TBS, 

Cor. I. Hence there can be only one tangent to a circle at 
a given point, 

CoR. 2, The line at right angles to the tangent through 
the point of contact passes through the centre, 

Def 16. When a secant is 
drawn from the point of con- 
tact of a tangent it divides the 
circle into segments which are 
said to be alternate to the angles 
made by the tangent with the 
secant on its sides opposite to 
the segments. 




i8 



ELEMENTARY GEOMETRY, 



Thus ACB is a segment alternate with BAS^ and 
BDAirii}[iBAT. 

Theorem 8. 

If from the point of contact of a straight line and a circle 
a chord of the circle be drawn^ the angles made by the chord 
with the tangent will be equal to the angles in the alternate 
segments of the circle. 

Let a chord AB be drawn 
from the point of contact A 
of the tangent TAS. 

Then will the angles BAS, 
BAT he equal to the angles in 
the alternate segments of the 
circle. 

For take any point F in 
the arc of the segment alternate 
to BAS, and join FB, FA, and 
produce FA to Q. 

Conceive the point F to move along the arc towards A. 
Then the angle BFA in the segment remains always the 
same; and it will after a while assume the position of the 
dotted lines BF'A, and ultimately when F has moved up 
to A, the angle BFA will coincide with the angle BAS, 
since the limiting position of the secant FQ is the tangent 
AS, and BF then coincides with BA. Therefore the angle 
BAS = the angle BFA in the alternate segment 

Similarly it may be shewn that the angle BAT= the 
angle BFA. 

Def. 17. If from any point on a curve a line is drawn 
at right angles to the tangent at that point, it is called 
a normal to the curve at thai point. 
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Since the radius is at right angles to the tangent to 
a circle, it follows that all radii are normals to a circle. 

Theorem 9. 

From any point within or without a circle except the 
centre^ two and only two normals can be drawn, one of which 
is the shortest, and the other the longest line that can be drawn 
from that point to the circumference: and as a point moves 
along the circumference from the extremity of the shortest to 
the extremity of the longest normal, its distance from the fixed 
point continually increases. 





Let A be the fixed point, O the centre, and let AO 
produced through the centre meet the circumference in B, 
and produced if necessary in the other direction meet it 
in (7. 

Then AB and AC are normals and are the only nor- 
mals, and are respectively the longest and shortest lines 
that can be drawn from A to the circumference : and if 
P, Q are any other points such that the arc CF is less 
than CQ, AP shall be less than AQ. 

Join OF, OQ. 

Then it is clear that AB and AC are at right angles 
to the tangents at B and C, since -4 is a point in the 
radius OB or OC 

And if jP is any other point, OF is the normal at that 

02 
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point, and therefore AP is not the nonnal : hence two and 
only two normals can be drawn. 

Again, in the triangle APO, the difference of OP and 
OA is AC, since 0P= 0C\ and therefore -^Cis less than 
AP\ and the sum of OP and OA is AB^ since OP- OB^ 
and therefore AB is greater than AP, Hence of all lines 
drawn from A to the circumference AC \^ the least and 
AB the greatest. 

Lastly, in the triangles AOP, AOQ since the two sides 
AO, OP axe equal to AO, OQ, but the angle AOQ greater 
than the angle AOPy therefore AQ h greater than AP. 
(Part I, Th. 20.) 

Therefore as a point moves from C to A along the arc, 
its distance from A continually increases. 

Cor. I. Two and only two equal straight lines can be 
drawn from A to the circumference^ one on ecLch side of the 
shortest normal. 

Cor. 2. A point from which more than two equal 
straight lines can be drawn to a circumference must be the 
centre. 

Theorem 10. 
Intersection of Circles. 

The line that joins the centres of two intersecting circles, 

or that line produced, bisects at right angles their common 

chord. 

Fig. I. Fig. 1. 
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Let O, ff be the centres of two intersecting circles, PQ 
their common chord, then shall 0(y ox Off produced bisect 
PQ at right angles. 

For since PQ is a chord of both circles, the line which 
bisects PQ at right angles passes through both centres 
(Th. 2, P) ; that is, it must be the line Off. 

Contact of Circles. 

Def. 1 8. AVhen one of the points in which one circle 
cuts another moves up to and ultimately coincides with the 
other, the circles are said to touch one another at that point. 

Since two circles intersect in only two points, it fol- 
lows that two circles which touch one another can have 
no other point in common ; for the two points of intersec- 
tion are merged in the point of contact 

Theorem ii. 

If two circles touch one another^ the line that joins their 
centres will pass through the point of contact. 





For if in the figures of Th. lo, the centres (9, O' of the 
circles were to recede from one another, or were to ap- 
proach one another, the points P and Q would after a 
while approach one another, and the chord PQ would be- 
come indefinitely small, and be merged in the point Ty and 
the circles would touch one another at T by the definition. 
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But the line 00' always bisects PQ^ and therefore it will 
ultimately pass through T'the point of contact 

Cor. I. Two circles thai touch one another have a com- 
mon tangent at their point of contcu:t. 

For the line at right angles to 00' through 7' is a 
tangent to both circles by Th. 7. 

Cor. 2. If Ry r are the radii of two circles ^ D the 
distance between their centres^ it follows that 

(i) When the circles intersect^ 

R^r>D or R-r^D. Book i, Th. 14. 





(2) When the circles touch, 

R^r^D or R-r^D. 

(3) When the circles do not meet, 

R + r<D or R-r>D. 

In other words, if R, r, D are such that any two of 
them are greater than the third, the circles will intersect; 
if two of them are together equal to the third, the circles 
will touch; and if two of them are together less than the 
third, the circles will not meet, but be wholly inside or 
wholly outside one another. 
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Exercises. 

1. If a straight line touch the inner of two concentric 
circles, and be terminated by the outer, prove that it will 
be bisected at the point of contact. 

2. Any two chords which intersect on a diameter and 
make equal angles with it are equal. 

3. Two circles touch each other externally, and a 
third circle is described touching both externally. Shew 
that the difference of the distances of its centre from the 
centre of the two given circles will be constant 

4. If two circles intersect one another, and circles are 
drawn to touch both, prove that either the sum or the dif- 
ference of the distances of their centres from the centres 
of the fixed circles will be constant, according as they touch 
(i) one internally and one externally, (2) both internally or 
both externally. 

5. If two circles touch one another, any line through 
the point of contact will cut oflf segments from the two 
circles capable of the same angle. 

6. If two circles touch one another, two straight lines 
through the point of contact will cut oflf arcs, the chords 
of which are parallel. 

7. Two circles cut one another, and lines are drawn 
through the points of section and terminated by the cir- 
cumference, shew that they intercept arcs the chords of 
which are parallel. 

8. Circles whose radii are 67 and 7*8 inches are 
successively placed so as to have their centres 14, 14^, and 
15 inches apart. Shew whether the circles will meet or 
touch or not meet one another. 

9. What will be the case if the centres are i inch, 
i*i inch, or 1*2 inches apart? 
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SECTION IV. 



Problems. 




Problem i. 

Given an arc of a circle^ to find, the centre of the circle 
of which it is an arc. 

Let ABCh^ the arc. 

Construction, Draw .any two 
chords AB^ BQ and bisect them 
at right angles by straight lines 
ON, OM, intersecting at O, O 
shall be the centre required. 

Proof For NO is the locus of points equidistant from 
A and B, and therefore AO = BO, 

Similarly, MO is the locus of points equidistant from B 
and C'y therefore O is equidistant from A, B and C, 

Hence, the circle described with centre O and radius 
equal to one of these three lines, will pass through the 
other two, and having three points coinciding with the 
given circular arc, must coincide with it throughout 

Problem 2. 

To draw a tangent to a circle from a ^ven point. 

There will be two cases. 

First, let the given point A be on the circumference. 
Let be the centre. 
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Construction, Join OA^ and draw AT 2X right angles 
to OA, 





Proof, Then AT\^z. tangent by Th. 7. 

Secondly, let A be outside the circle. 

Construction, On OA as diameter describe a circle, 
cutting the given circle in 7" and T\ Join AT^ AT\ these 
shall be tangents from A, 

Proof, For join OT, OT, Then since ATO is a 
semicircle, the angle ATO is a right angle. (Th. 5, 
Cor. 2.) That is, -^T'or AT' is at right angles to the 
radius to the point where it meets the circumference, and 
therefore AT and AT' are tangents. 

It may easily be proved that AT=AT\ 

Problem 3. 

To cut from any circle a segment which shall be capable 
of a given angle. 

Let ABC be the circle, D the given angle. 

Construction, Take any point A on the circumference. 

Draw AT the tangent at A ; and make an angle TAE 
at A equal to the angle D. 
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Then shall AE be the chord of the segment required. 





Proof, For the angle in the segment alternate to TAE 
is equal to the angle TAE^ that is, is equal to D. 

Problem 4. 

On a given straight line to describe a segment of a* circle 
containing an angle equal to a given angle. 

Let AB be the given line, C the given angle. 




G 



Construction. At the point A make an angle BAD 
equal to the angle C. 

Then if a circle be described to touch AD in Ay and 
to pass through B^ the segment of that circle alternate to 
BAD will be the segment required. 
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To find the centre of this circle, draw AO zX right 
angles to AD : then AO \% the locus of the centres of all 
circles which touch AD at A. 

And bisect AB at right angles by the line EO) then 
^(9 is the locus of the centres of circles which pass through 
A and B. 

Therefore (7, the point of intersection of these lines, 
is the centre of the circle required. 

With centre O and radius OA or OB describe a circle, 
which will touch AD at A and pass through B, and there- 
fore the segment AFB contains an angle equal to the angle 
BAD, that is to the given angle C, 

Problem 5. 

To draw a common tangent to two given circles. 

Let the centres of the circles be O, 0\ 

Construction, With centre ff and radius equal to the 
sum or difference of the radii of the given circles, describe 
a circle, as in the figures. 
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From O draw a tangent to this circle, touching it in P. 
Join O'Py and let it, produced through P if necessary, meet 
the circumference of the circle whose centre is O' in the 
point Q. Through O draw OR parallel to PQ^ and join 
QR, QR will be a tangent to both circles. 

Proof, Since PQ is by the construction equal and par- 
allel to OR, therefore ^^ is parallel to OP, But OP is 
at right angles to ffP, since it touches the circle in -P, and 
therefore RQ is at right angles to OR and 0Q,\ and there- 
fore touches both circles. 

Cor. I. When the circles are wholly outside one another, 
they have four common tangents : when they touch externally, 
they have three common tangents: when they intersect one 
another, they have two common tangents: when they touch 
internally, they have one common tangent: and when one of 
the circles is wholly inside the other, they have no common 
tangent, 

CoR. 2. By symmetry with respect to 00\ pairs of 
the common tangents will intersect on thai line. 



Problem 6. 

To find the locus of the centres of circles which touch two 
given straight lines. 

Let A OB, COD be the two given straight lines, in- 
tersecting one another in O, 

Let P be the centre of a circle which touches both the 
lines, PN, PM the perpendiculars from P on DOC and 
A OB, 
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Then PN^PM^ and if OP be joined, since the tri- 
angles ONP^ OMP are right angled at iVand M^ have the 




hypothenuse OP common, and have one side PN^ one 
side PM^ being radii of the same circle; therefore the 
triangles are equal in all respects, and the angle PON 
- the angle POM, that is OP bisects the angle CO^, 

Therefore the centres lie on the bisectors of the angles 
between the given lines ; and these bisectors are therefore 
the locus required. 

Cor. I. Ji is obvious that these bisectors form two 
straight lines at right angles to one afwther. 

CoR. 2. If the given lines are parallel, the locus is a 
line par cUlel to both and equidistant from them. 

Problem 7. 

To describe a circle to touch three given straight lines of 
indefinite length. 
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Let the three given lines intersect in A^ By and C. 




Then since the circle required is to touch the lines that 
intersect in Ay its centre must lie on (5ne of the bisectors 
of the angles at A, Similarly, it must lie on one of the 
bisectors of the angles at B, Therefore the construction is 
suggested. 

Construction, Draw the bisectors of the angles at A 
and By which will intersect in four points O, Oi, O^, O^. 

These will be the centres of the circles required, and a 
circle described with any one of these points as centre, 
to touch one of the given lines, will touch the other 
two. 

Cor. I. It follows that COO^ and O^CO^ are straight 
lineSy that isy the six bisectors of the interior and exterior 
angles of a triangle intersect one another three and three in 
four points, 

CoR. 2. If two of the lines are parallely only two circles 
can he described to touch the three lines, 

CoR. 3. If all the lines are parallely no circle can be 
described to touch them alL 
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SECTION V. 



Regular Polygons. 

• * 

One of the most interesting species of problem con- 
nected with the circle consists in describing regular poly- 
gons, and inscribing them in, or circumscribing them 
about given circles. 

We shall first establish the following theorems. 

Theorem 12. 

If from the centre of a circle rcuiii are drawn to make 
equal angles with one another consecutively all rounds then if 
their extremities are joined consecutively y a regular polygon 
will he inscribed in the circle, and if at their extremities^ 
tangents are drawn^ a regular polygon wUl be circumscribed 
to the circle. 

Let OA, OB, OC, OD ,„ be 
radii making equal angles consecu- 
tively to one another. 

(i) ^o\TiAB,BC, CD ,,, 

Then since the angles at O are 
equal, the chords which subtend 
them are equal, and therefore the 
inscribed polygon is equilateral. 

And since the arcs AB, BC, CD ,,, are equal; there- 
fore the arc AC- arc BD, and therefore the angle ABC 
in the segment -4^56*= the angle BCD in the segment 
BCD) that is, the polygon is equiangular. 

Hence ABCD ... will be a regular polygon inscribed in 
the circle. 
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(2) Draw tangents at A^ B^ C, D ,.. meeting one 
another m P^ Q^ R ... 

Join PO, QO. 

Since AP^PB, the line PO bisects the angle A OB, 
and similarly QO bisects the angle BOC, Therefore the 
angle POB^iht angle QOB, and hence PB = BQ from 
the triangles POB, QOB. 

Therefore QP is double of QB ; and similarly QP is 
double oi QC. 

But Q.B^QC\ and therefore QP-^QR, and thus it 
may be shewn that the polygon is equilateral. 

And since the angles APB, BQC ... are supplementary 
to the angles A OB, BOC ... they are equal to one 
another. 

That is, the polygon is equiangular; and since PQ, 
QR ... are tangents, PQR ... will be a regular polygon cir- 
cumscribed to the circle. 

Theorem 13. 

In a regular polygon the bisectors of the angles intersect 
in one point, which is the centre of the circles inscribed in the 
polygon, or circumscribed about it. 

Let ABODE ... be a regular polygon. 

Bisect the angles B, C by 
straight lines meeting in O. 

Join OD, OE... 

Since BO, CO are bisectors of 

the equal -angles ^^C^CA there- - ^ ^ 

fore the angle OBC - the angle -^ ft ^ 
OCB] and therefore OB^ OC. 

And because in the triangles OCB, OCD, the angle 
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OCB = OCD, and the sides which contain these equal 
angles are equal to one another, each to each, therefore 
On=OB, and ODC^OBC, But (9^Cis half of ^^C, 
that is of CDE^ since the polygon is equiangular. Therefore 
OZ>Cis half of CZ>£, and therefore OD bisects the angle 
CDJS. 

In the same manner it may be shewn that OjE= OC, 
and bisects the angle at E, Hence O is the centre of the 
circle circumscribed about the polygon, of which OB is the 
radius. 

And because ABy BC, CD ... are equal chords in this 
circle, of which O is the centre, therefore the perpendiculars 
OPi OQy OR on those chords are all equal ; and a circle 
described with centre O and radius OP will pass through 
Qy R ... and touch AB^ BC^ CD ... in the points 
Py Qy R .,. That is O is the centre of the inscribed circle 
of which OP is the radius. 



Problem 8. 

To construct a regular polygon of four ^ eight , sixteen ... 
sides, and inscribe them in, or describe them about a given 
circle. 

Take O the centre of the given 
circle, and draw through it two 
diameters at right angles to one 
another, meeting the circumference 
in Ay By Cy D\ then by Theorem 
12, M ABy BC ... be joined, we get 
a regular inscribed polygon of four 
sides j and if tangents be drawn at 
Ay By C and Z>, we get a regular 
circumscribed polygon of four sides, that is a square. 

D 
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To describe an octagon, bisect (by Part i. Prob. i) the 
singles ^(^^, BOC, COD, DO A by lines meeting the 
circle in E, jp, Gy H\ then A, E, B, F... are the angular 
points of a I'egul^ inscribed octagon, or the points of con- 
tact of the sides of a regular circumscribed octagon. 

Similarly, by again bisecting the angles at Oy a regular 
sixteen-sided polygon may be constructed; and hence 
a thirty-two-sided figure, and so generally a polygon of 
2* sides, may be constructed, when n is any integer greater 
than I. 

Problem 9. 

To construct regular polygons of three, six, twelve ,,, sides, 
and inscribe them in, or describe them about a given circle. 

Let be the centre of the circle. On OA, one of the 



P-- 




radii, make an equilateral triangle A OF, and take A OB, 
double of the angle A OF, 

Then since each angle of an equilateral triangle is one- 
third of two right angles ; therefore its double is one-third 
of four right angles ; and therefore two other equal angles 
BOC, COA will fill up the space round O. 

Hence the angles at O being equal. A, B, C are the 
angular points of a regular inscribed polygon of three 
sides. 
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As before, by bisecting the angles at O we obtain the 
angular points of the regular hexagon; and by bisecting 
these angles we obtain the dodecagon ; and so generally a 
regular polygon of 3 x 2" sides may be constructed, where 
n may have any integral value, including zero. 

The Theorems at present proved do not enable the 
student to construct any regular polygons except those 
included in the foregoing problems. 

Hereafter we shall shew that a regular pentagon can 
be described, and by njeans of it the decagon, quindecagon, 
&c. 



Theorem. 



The area of a circle is equcU to half the rectangle contained 
by the radius and a straight line equal to the circumference. 

Let C be the centre of a circle DEF. And let AB 
be the side of a polygon described about the circle, CD a 
radius drawn to the point pf cpnt^ct 




F 
Then the triangle ABC- \ the rectangle contained by 
CD and AB, 

And since the whole polygon can be divided into trian- 
gles by lines drawn from the angular points to the centre. 
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The area of the polygon = \ the rectangle contained by 
the radius of the circle and perimeter of the polygon. 

Now this is true whatever may be the number of sides 
of the polygon. 

But by perpetually increasing the number of sides of the 
polygon, that polygon approaches nearer and nearer to the 
circle. 

So finally the area of the circle = \ rectangle contained 
by radius and circumference. 

Remark, This will give the area of the circle when we 
know the lengths of the radius and the circumference. The 
length of the latter cannot be found by the use of the rule 
and compasses. But if we added to our mathematical in- 
struments a cylinder that might be rolled on the paper, or 
a tape that might be unrolled from a cylinder, we should 
have that length at once, and consequently the area. 
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1. Prove that the two tangents drawn to a circle from 
any external point are equal. 

2. If from a point without a circle two tangents ABy 
AC are drawn, the chord of contact BC will be bisected at 
right angles by the line from A to the centre. 

3. If a circle is inscribed in a right-angled triangle, the 
excess of the two sides over the hypothenuse is equal to 
the diameter of the circle. 

4. If a quadrilateral figure be described about a circle, 
the sums of the opposite sides will be equal to one 
another. 

5. If a six-sided figure be circumscribed about a circle, 
the sums of the alternate sides will be equal. 

6. If a quadrilateral figure be described about a circle, 
the angles subtended at the centre by any two opposite 
sides are together equal to two right angles. 

7. AOBy COD are two chords of a circle at right 
angles to one another ; prove that the squares of OA^ OB^ 
OCy and OD^ are together equal to the square of the 
diameter. 
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8. The chord AB is produced both ways equally to 
C, Z>, and tangents XJE^ DF^ drawn on opposite sides of 
CD \ shew that EF bisects AB, 

9. Two circles touch one another in A^ and have a 
common tangent BC, Shew that the angle BA C is a right 
angle. 

10. Describe (when possible) a circle of given radius to 
touch (i) two given lines, (2) two given circles. 

1 1. Describe a circle to touch a given line in a given 
point, and pass through another given point. 

12. Describe a circle to touch a given circle in a given 
point, and to pass through another given point. 

13. Find the following loci: — the vertices of triangles 
on the same base, having a given vertical angle. 

14. Of the point of intersection of the lines which 
bisect the angles at the base of such triangles. 

(Prove that the angle between each pair of intersectors 
is the same.) 

15. Of a point at which a given straight line subtends 
a given angle. 

16. Of the points of bisection of parallel chords in a 
circle. 

17. Of the points of bisection of equal chords in a 
circle. 

18. Of points from which the tangent to a given circle 
has a given length. 

19. Of the vertices of right-angled triangles on a given 
base. 
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20. Of the centres of all circles which touch a given 
line in a given point. 

21. Of the centres of circles which touch a given circle 
in a given point. 

22. Of the centres of circles of given radius which pass 
through a given point. 

23. Of the middle point of a line drawn from a given 
point to meet a given circle. 

24. Shew that the inscribed equilateral triangle is one- 
fourth of the circumscribed equilateral triangle. 

25. A ladder slips down a wall : find the locus of its 
middle point 

26. If from two fixed points in the circumference of 
a circle two lines are drawn to intercept a given arc, the 
locus of their intersections is a circle. 

27. Two chords of a circle which do not bisect each 
other do not pass through the centre. 

28. Circles which cut one another cannot have the 
same centre. 

29. Two shillings are moved in the comer of a box 
so that each always touches one side, and they touch one 
another ; find the locus of the point of contact 

30. Two circles cut one another, and lines are drawn 
through the points of section, and terminated by the cir- 
cumferences ; shew that the chords which join the ex- 
tremities of these lines are parallel. 

31. Two equal circles intersect in A and B^ and 
any line BCD is drawn to cut both circles. Prove that 

AC^AD. 



40 ELEMENTARY GEOMETRY. 

32. Two equal circles intersect in A^ B ; a third circle 
is drawn, with centre A and any radius less than AB, 
meeting the circles in Q Z>, on the same side of AB, 
Prove that B, C, Z> lie in one straight line. 

33. ACDy ADB are two segments of circles on the 
same base AB\ take any point C on the segment ACB^ 
and join CA^ CB, and produce them if necessary to meet 
ADB in Z>, E, Shew that the arc DE is constant. 

34. If two circles cut each other, and from either point 
of intersection diameters be drawn, the extremities of these 
diameters and the other point of intersection shall be in the 
same straight line. 

35. If a straight line be drawn to touch a circle and 
parallel to a chord, the point of contact will bisect the arc 
cut off by that chord. 

36. Perpendiculars AD, CE are let fall from the 
angles A, C of the triangle ABC oii the opposite sides. 
Prove that the angle A CE is equal to the angle ADE, 

37. Two circles intersect in A, B, and tangents AC, 
AD are drawn to each circle, meeting circumferences in 
C; Z>, prove that BC, BD make equal angles with BA, 

38. If one of two intersecting circles pass through the 
centre of the other, prove that the tangent to the first at 
the point of intersection, and the common chord, make 
equal angles with the radius to that point from the centre 
of the second. 

39. Given base, altitude, and vertical angle, construct 
the triangle. 

40. To draw a line from a given point such that the 
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perpendicular on it from a given point shall have a given 
length. 

41. In a given straight line to find a point at which a 
given straight line subtends a given angle. 

42. Describe a circle to touch a given circle, and touch 
a given line in a given point. 

43. Describe a circle of given radius to touch a given 
line, and have its centre on another given line. 

44. Find a point in a given chord produced of a 
circle, from which the tangent to the circle shall have a 
given length. 

45. With a given radius describe a circle touching two 
given circles. 

46. Describe a triangle, having given the vertical angle 
and the segments of the base made by the line bisecting 
the vertical angle. 

47. Given base, altitude, and radius of circumscribed 
circle, construct the triangle. 

48. The triangle contained by the two tangents to a 
circle from any point and any other tangent that meet them 
has its perimeter double of either of the two tangents. 
Prove this ; and apply it to construct a triangle, having 
given the vertical angle, perimeter, and altitude. 

49. Given the perimeter, the vertical angle, and the 
line bisecting the vertical angle, construct the triangle. 

50. If two of the external angles of a triangle and one 
internal angle are bisected, prove that the three bisectors 
intersect in one point 

*^" E 
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51. The three perpendiculars to the sides of a triangle 
drawn through their middle points meet in one point. 

52. The three lines which join the angles of a triangle 
to the middle points of the opposite sides intersect in one 
point. 

53. If two circles touch one another, the lines which 
join the extremities of parallel diameters towards opposite 
parts will intersect in the point of contact. 

54. The circles described on the sides of a triangle 
as diameters intersect in the sides, or sides produced, of 
the triangle. 

55. Equilateral triangles are described on the sides 
of a triangle ; prove that the circles described about those 
triangles pass through one point. 

56. If tangents be drawn at the extremities of any 
two diameters of a circle, the straight lines joining the 
opposite points of intersection will both pass through the 
centre. 

57. The four common tangents to two circles which do 
not meet one another intersect, two and two, on the straight 
line which joins the centres of the circles. 

58. Given the altitude, the bisector of the vertical angle, 
and the bisector of the base, to construct the triangle. 

59. Draw circles to touch one side of a given triangle 
and the other two sides produced. 

60. Draw a figure of a triangle with its inscribed, cir- 
cumscribed, and escribed circles. 

61. If a triangle is equilateral, shew that the radii of 
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the inscribed, and circumscribed, and an escribed circle are 
to one another as i, 2, 3. 

ii2. If circles are described with the vertices of a tri- 
angle as centres, and so as to pass through the points of 
contact of the inscribed circle with the adjacent sides, these 
three circles will touch one another. 

63. Place a straight line of given length in a circle so 
that it shall be parallel to a given diameter of the circle. 

64. Place (when possible) a straight line of given 
length in a circle so that it shall pass through a given point 
within or without the circle. 

65. Given three points describe circles from them as 
centres so that each may touch the other two. 

td. On the side of any triangle equilateral triangles are 
described externally, and their vertices joined to the opposite 
vertices of the given triangle, shew that the joining lines pass 
through one point. 

67. (9 is the centre of the circle inscribed in the tri- 
angle ABC, which touches AB, ACm C, B' \ \i AO cuts 
the circle in P, and AO produced in P\ shew that P, P" 
are the centres of the inscribed and escribed circles of the 
triangle AB^C. 

68. Shew that a triangle is equal to the rectangle con- 
tained by its semi-perimeter and the radius of the inscribed 
circle. 

69. Of all the rectangles inscribable in a circle, shew 
that a square is the greatest. 

70. If a quadrilateral figure can be described about a 
circle, shew that the sums of its opposite sides are equal. 
Can a circle be inscribed in (i) a rectangle, (2) a parallelo- 
gram, (3) a rhombus ? 

E2 
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71. Shew that the inscribed hexagon is three-fourths of 
the circumscribed hexagon. 

72. Shew that the six segments into which the points 
of contact of the escribed circles of a triangle divide the 
sides, may be arranged in three pairs of equal segments. 

73. Inscribe an octagon in a given circle. 

74. Describe a circle (i) to touch three given lines ; 
(2) to intercept equal chords of any given length on three 
given straight lines. 

In how many ways may each of these problems be 
solved ? 

75. At any point in the circumference of the circle 
circumscribing a square, shew that one of the sides subtends 
an angle three times as great as the others. 

76. Find the locus of points at which two sides of 
a square subtend equal angles. 

77. Find the locus of points at which three sides of 
a square subtend equal angles. 

78. If four straight lines intersect one another so. as 
to form four triangles, prove that the four circumscribing 
circles will pass through one point. 

79. Of all triangles inscribable in a circle the greatest 
is the equilateral. Extend this to the case of a polygon of 
any number of sides. 

80. A straight line is divided into any two parts in (7, 
and ADC^ CEB are equilateral triangles on the same 
side of AB. Find the locus of the intersection of AE 
and BD. 



BOOK III. PROPORTION. 



INTRODUCTION. 



MEASURES. 



A measure of a line is any line which is contained in it 
an exact number of times. Thus an inch is a measure of a 
foot ; and a yard is a measure of a mile. So too the mea- 
sure of an area is any area which is contained an e^act 
number of times in it. A square inch is thus a measure of 
a square yard. A measure is therefore an aliquot part of any 
magnitude which it measures. The length of a line, the 
extent of an area, or any other magnitude, is completely 
known when we know a measure of it, and how many times 
it contains that measure. 

In measuring any magnitude we take some standard to 
measure by. Thus in measuring length we take a yard, 
or a foot, or an inch. In measuring solids we take a cubic 
inch, a cubic foot, or the like. The standard so taken is 
called the unit It may be a precise measure of the magni- 
tude measured, or it may not. The number, whether whole 
or fractional, which expresses how many times a magnitude 
•contains a certain unit is called the numerical value of that 
magnitude in terms of that unit. Thus in speaking of a 
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line as 7 yards long, a yard is the unit of length, and the 
numerical value of the line in terms of that unit is 7. 

Two lines or magnitudes of the same kind are said* ta 
have a common measure when there exists a unit of which 
they can both be expressed as multiples. Thus 15 inches 
and 1 foot have a common measure, for with the unit 
3 inches, their numerical values would be 5 and 4; and 
with the unit i inch their numerical values would be 15 
and 12. All whole numbers have unity as a common 
measure. 

The following problem gives a method of finding the 
greatest common measure of two magnitudes, if any com- 
mon measure exists. 



Problem. 

^ To find the greatest common measure of two magnitudes^ if 
they have a common measure. 

Let AB and CD be the two magnitudes. From AB 

E F H 



A 



C G ^ 



the greater cut off parts, AJE, jEF.., each equal to CD the 
less, leaving a remainder jFB which is less than CD. 

From CD cut off parts, CG,.., equal to JrB, leaving a 
remainder GD less than FB, 

From FB cut off parts FIfy HB,., equal to GD ; and 
continue this process until a remainder GD is found which 
is contained an exact number of times in the previous re- 
mainder, so that no further remainder is left. The last re- 
mainder is then the greatest common measure. 
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For, firstly, since GD measures FB^ it also measures 
CG\ and therefore measures CD, But CD=^AE and EF\ 
and therefore GD measures AE, EF and FB \ that is it 
measures AB, Hence GD is a common measure of AB 
and CD. 

And again, since every measure of CD and AB must 
measure AF, it must measure i^^ or CG, and therefore also 
GD : hence the common measure cannot be greater than 
GD ; that is GD is the greatest common measure. 

So also, in the figure adjoining, the first remainder is 

E F G IL 

A ^ ■ ' ' T-^B 



hjkJ> 

GB ; the second HD ; the third IB; the fourth KD, which 
is contained exactly twice in IB. Hence XD is the great- 
est common measure, and it will be seen to be contained 
twice in IB, and therefore five times in HD, seven times in 
GB, 12 times in CD, and 43 times in AB. 

Hence AB and CD have as their numerical values 43 
and 12 in terms of the unit H^D. 

Cor. Every measure of XD is a common measure of 
AB and CD. 

When magnitudes have a common measure they are 
called commensurable. But it is very frequently the case in 
Geometrical figures, that lines and other magnitudes have no 
common measure; the process above given continuing 
indefinitely ; the remainder becoming smaller at each step 
of the process but never actually disappearing. In this case 
the lines are said to be incommensurable. 

The following theorem will serve to illustrate incommen- 
surable magnitudes. 
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Theorem i. 

To prove that the side and diagonal of a square are incom- 
mensurable. 

Let A BCD be a square : -4 C the 
diagonal. 

Then will AC and AB be incom- 
mensurable. 

For since -<4 C is > AB and < 
twice AB, cut off a part AE « AB, 
Then the common measure oi AC 
and ABy is also a common measure 
oiEC and ^^, or of ^C and BC 

Draw ^i^ at right angles to -^C to meet BC in F: and 
join -^/^ Then in the right-angled triangles ABF, AEF 
the hypothenuse and one side -(4^=the hypothenuse and 
one side AE, and therefore BF=^ FE, 

And in the triangle FEC, since ^ is a right angle, and 
-£C7^half a right angle, therefore EFC is half a right angle, 
and therefore FE = EC Therefore EC=^BF, 

Hence the common measure of EC and BCis also a 
common measure of EC and FC 

But EC and FC are the side and diagonal of a square 
smaller than A BCD ; and similarly the common measure 
oi EC and FC can be shewn to be also the common 
measure of the side and diagonal of a still smaller square ; 
and so on, till the side and diagonal become as small as 
we please. 

Hence it is evident that we shall never find a common 
measure of -^C and BC For the original relation of side 
and diagonal is perpetually reproduced, and we are per- 
petually brought back to the problem with which we started. 



RA TIO. 49 

The remainder becomes smaller at every step but never 
actually disappears. There is therefore no common measure 
of ^C and BC, that is, they are incommensurable. 

Ratio. 

When two magnitudes of the same kind are considered 
we can compare them with one another, and form a notion 
of their relative magnitudes : we do this instinctively, and 
antecedently to all geometrical teaching. To express the 
notion thus formed we must ascertain how many times the 
one contains the other, or some aliquot part of the other. 
Thus if one line contains another 7 times, the one line has 
the same relative magnitude to the other that the number 7 
has to the number i ; and if one line contains the 5 th part 
of another . 8 times, the one has to the other the same- 
relative magnitude that 8 has to 5. 

This relation of magnitude is called ratio. 

It follows from the notion of relative magnitude that 
the ratio of two magnitudes is the same as that of their nu- 
merical values in terms of the same unit. And if two 
magnitudes have the same numerical values in terms of 
different units, their ratio is the same as that of their units. 

Thus the ratios of the lines whose Greatest Common 
Measures were ascertained above, are the ratios of 12 to 5 
and 43 to 12 respectively. Again the ratio of 7 weeks to 
7 days is that of a week to a day. 

The fact is that all number is but a kind of ratio. 

We are taught in arithmetic to distinguish between 
concrete and abstract quantities. Concrete quantities are 
really existing things: abstract quantities are the means 
that we use to express the concrete. Seven shillings, five 
horses, three acres are concrete quantities : seven, five, three 
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are abstract quantities. The difference is m.ost clearly seen 
in multiplication. You cannot multiply by a concrete 
quantity; a multiplier must be abstract You cannot 
multiply seven shillings by six shillings, nor five days by 
three weeks, nor twelve miles by ten cats. Now abstract 
quantities and ratios are precisely the same things. We use 
the phrase " abstract quantity " when we are thinking of a 
quantity in itself; we use the word ^^ ratio" when we are 
thinking of the relation of one quantity to another. The 
number, seven considered in itself is called an abstract 
quantity, considered as expressing the relation of a week 
to a day, of a guinea to three shillings, of the number 42 
to the number 6, it is called a ratio. 

All numbers, therefore, as we said before, are ratios. 
But there is an important distinction between numbers and 
ratios ; and though all numbers are ratios, all ratios are not 
numbers. 

Numbers are essentially discontinuous, and therefore 
unsuited immediately to express the relations of magnitudes 
that change continuously. If a line 3 inches long is con- 
ceived as stretched till it becomes 4 ii;iches long it passes 
continuously from one length to the other, but the arith- 
metical expression of the change is discontinuous, however 

J th 

small a unit we take : if we take of an inch as the 

1000 

unit, the line is at first 3000, then 3001, 3002,... and finally 

4000 of these units, but we cannot arithmetically express all 

the values the line takes in passing from 3000 to 3001 ; that 

I * 

is, all the ratios which its length has to of an inch. 

1000 

Here lies the fundamental difficulty in the application of 

arithmetic to Geometry. Arithmetic deals with numbers 

which are discontinuous. Geometry with ratios which are 
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continuous and only coincide with numbers at regular in- 
tervals. We may make those intervals as small as we please, 
but we cannot get rid of them. 

Commensurable magnitudes have to one another a ratio 
which can be expressed in numbers. For if they contain 
their common measure m times and n times respectively, 
they have the same ratio as m to n. 

This is generally called the ratio of m to «, which is 

fjt If I 

written m \n ox -j\\ or more simply — j and if A. C are 

the magnitudes it is said that -7^ = — or that A—~-C, 

C n n 

Incommensurable magnitudes have not to one another 
the ratio of any two numbers however great. For if they 
had the ratio oi p : q, and the first were divided into p 
equal parts, the second would contain q of those parts ; and 
thus they would have a common measure, viz. one of these 
parts. 

But numbers can be found which express within ^.ny 
specified degree of accuracy the ratio of incommensurable 
magnitudes. 

For if A and B be the magnitudes, and B is divided 
into n equal parts, there must be some number w, such that 
A contains m but not m-¥i such parts j therefore the ratio 

tH fH ~t~ I 

of -^ : -5 is greater than — , but less than ; and these 

n n 

ith 

ratios differ only by - , which by increasing n may be made 

as small as we please. 

This conclusion may be differently expressed thus ; that 
if A and B are incommensurable, they may be made com- 
mensurable by adding to either of them a magnitude less 
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than one which shall be as small as we please. For by 

I* 
adding to A a, quantity less than - of B, A thus increased 



would contain the n^ part ofBm-\- i times exactly. 

It follows from what has been said that the ratio of two 
magnitudes is the quantity of one in terms of the other. 

It is important to observe that since magnitude and 
ratio are both continuous, there is always a magnitude that 
has a given ratio to any given magnitude. 

Compound Ratio. 

When a magnitude is altered successively in two or more 
ratios it has to the final result a ratio which is compounded 
of the given ratios. 

Thus if ^ : n,p : ^he two ratios, and a magnitude A is 
first altered in the ratio m : n, and then the result altered in 
the ratio/ : q, and the final result thus obtained is B^ then 
the ratio A i B is compounded of the ratio m \n^ p \ q\ for 
the single alteration indicated by ratio A : B produces tiie 
joint effect of the two alterations indicated by the ratio m : n, 
P :^. 

This process is called the composition of ratios. It is 
plainly not necessary to suppose that A has been actually 
altered till it has become B, It is enough if B is what A 
would have become if so altered. 

When two equal ratios are compounded the ratio re- 
sulting from the composition is said to be the duplicate of 
the original ratio. When three equal ratios, the triplicate ; 
and so on. 

It is evident that different ratios cannot have the same 
duplicate or triplicate ratio. 
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The following theorem furnishes a valuable exercise on 
ratios. 



Theorem- 2. 

If K and B he two fixed points in a straight line of inde- 
finite lengthy and P a moveable point in that line^ then the ratio 
qf PA to PB may have any valtie, from o to infinity, and 
there are two and only two positions of P st^h that PA : 
PB = any given ratio, 

P P P p 

-T 1 1 ' 

A B 

The value infinity is represented by the symbol 00 . 

Let O be the point of bisection of AB ; then if F is at 

PA 
O the ratio -^^ = i. 

Conceive the point P to move to the right towards B, 

PA 

then the ratio -^= continually increases until, when P ap- 

proaches indefinitely near to B the ratio becomes infinite; 
and for intermediate positions it has passed continuously 
through every value between i and 00 . 

When P is at the right of B the ratio 

PA^ PB + AB _ AB 
PB^ PB ''^'^ PB' 

and is therefore greater than i. 

AB 
When PB is very small -^^ is very large, and as PB 

AB 

increases -p^ diminishes until it becomes indefinitely small, 
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PA 

and therefore ^^ becomes as nearly equal to i as we please, 

and has passed continuously through every value between 

00 and I. 

Hence for any assigned value of the ratio greater than 

1 there are two positions for F^ one between O and B^ and 
one to the right of B, 

PA 
Similarly as P moves from O to A^ -^^ passes through 

every value from i to o, and as it moves to the left of A it 
passes through every value from o to i, and therefore for 
every value of the ratio less than i there are two positions 
for jP, one between O and A, and one to the left of A, 

When P is between A and B it is said to divide AB 
internally; when not between A and B it divides AB exter- 
nally , axid PA, PB are still spoken of as the segments ~Qf the 
line AB. 



Proportion. 

Def. Proportion consists in the equality of ratios. 

Four magnitudes are called proportionals^ or are in pro- 
portion, when the ist has the same ratio to the 2nd that the 
3rd has to the 4th. 

If A, Bi C, D are the magnitudes in proportion, of 

which A and B are of the same kind, and C and D of the 

same kind, this is expressed by the notation A \B v. C : D, 

A C 
or by -^ = 75 • ^ and £> are called the extremes, and B 

and C the means. 

Def. The ist and 3rd terms are called homologous, as 
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occupying the same place as antecedent in the ratio ; so also 
are the 2nd and 4th, as consequent. 

The ratios of commensurable magnitudes may be ex- 
pressed numerically by their numerical values in terms of 
their common measure; and in such cases it is easy to 
ascertain whether the proportion is true. But if the magni- 
tudes are incommensurable, their numerical values cannot 
be exactly expressed, and yet the ratios may be exactly 
equal, as is shewn in the following Theorem. 



Theorem 3. 

If Pl^ B, C, D he four magnitudes such that B and D always 
contain the same aliquot part of A and C respectively the same 
number of times ^ hotoever great the number of parts into which 
A and C are divided, then A : B : : C : D. 

For suppose A and B to be incommensurable magni- 



A C 

B D 



tudes, and when A is divided into n equal parts, let B 
contain m, but not m-^-i oi these parts. And let C and D 
be two other magnitudes, such that when C is divided 
into n equal parts, D contains m but not /« + i of these 
parts. 

' If Z/ is the 4th proportional to A, B, C, then 2X also 
must contain m but not {m+i) of these parts. 

Now if jy differed from D by any quantity however 
small, it would be possible by sufficiently increasing n to make 
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the ffi" part of C still smaller than this quantity. And then'' 
when D contained this r^ part of C m times but not m + x 
times, ly would contain it either m - i or m ■\- i times, 
according as £/ was less or greater than D, But then Zy 
would plainly not be the fourth proportional to Ay B, and C. 
Therefore Z>' does not differ from Z>, that is £> = !/ and 
the four magnitudes A, B, C, D are proportionals. 

This reasoning is frequently applicable in Geometry to 
prove that four magnitudes are proportionals, and is appli- 
cable alike to commensurable and incommensurable magni- 
tudes. 

CoR. I. Permutando. -^A, B, C, D are magnitudes of 
the same kindy and A : B :: C : D, then w A : C :: B : D. 

For let jy be the 4*^ proportional to A^ C, B^ so that 
A \ C w B \ ]y. Then the ratio of ^ to C is that of the 
n^ part of A to the rf^ part of C, into which parts they 
were divided : and since B must have to 1/ the same ratio, 
B and Z>' cannot contain a different number of these r^ 
parts respectively; so that since B contains m and not /« 4- 1 
of the n^ parts of A^ D' must contain m and not /« + i of 
the ri""^ parts of C, Now, precisely as before, if jy differed 
from Z> by any quantity however small, it might be shewn, 
by increasing «, to contain the «*^ part of C either m-i or 
w + 1 times, which is impossible. Therefore !/ = £> and 
A : C ::B :D. 

Cor. 2. Invertendo. If A, B, C, D are in proportion 

B \ A \\ D \ a 

CoR. 3. Componendo. Also A-k-B \ B \\ C-*rD :: D\ 
and Dividendo. A-B \B w C-D \D. 
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Cor. 4. Ex aequali. \i A \ B \\ C \ D and B : E 
\\D\F\ then A \ E \\ C \ F, 

For A \ E \% compounded oi A \ B and ^ : -£", and 
C* : J^ is compounded of the ratio C : D and Z> : i^ which 
are respectively equal to the ratios A : B and B : jS". 

Cor. s. Addendo. If A \ B v. A' \ S v. A" : -5"; 
then ^ + ^' + ^": B ^ S ^ B' v. A : J?. 

These and many other proportions are derivable from 
the original proportion A \ B \\ C \ D^ by the method of 
proof given above. 

Remark. AH these derived proportions niay be obtained 
by the following method.: — 

(i) \i A and B are commensurable, and therefore also 
C and D^ let them have as their numerical values a, b^ r, d 
respectively. 

Then since A \ B \\ C \ D^ 

therefore t = -> and /. -=->, 

a , c a 

and therefore A : C \\ B \ D, 

(2) If A and B are incommensurable, and therefore 
also C and Z>, let .^^ and Z>' be taken differing from B and 

jth jth 

D by quantities less than — of A and — of C respectively 

(see p. 52), so that A \ S w C \ If, 

Then by the first case A ; C \\ B \ If, 

And since B and If differ from ^ and D by quantities 
which may be made as small as we please, we infer that 

A : C :: B : I>. 
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SECTION I. 

Application of Proportion to Lines. 

Theorem 4. 

If two straight lines are cut by three parallel straight lines ^ 
the s^ments made on the one are in the same ratio as the 
segments made on the other. 



Pli 




(r"~» 



Ijtt A,B, C be the three parallels, PQR, LMN zxiy 
two lines intersected by them ; then shall 

PQ \ QR :: LM : MN. 

For if FQ be divided into any number of equal parts, 
and through the points of division lines be drawn parallel 
to A or £^ LM will be divided by those lines into the same 
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number of equal parts, as maty be pmved by the methods of 
Book I. And if from QR parts equal to those of FQ are 
cut off, and lines drawn through the points of division, 
parallel to JB or C, it is clear that MNmiX contain the same 
number of parts each equal to those of LM^ that QR con- 
tains of those of FQ ; that is, QR and MIV will contain the 
same aliquot parts of FQ and ZM the same number of 
times, however great the number of parts into whjich FQ 
and Z-^ are divided. 

Hence FQ : QR :: ZM : MNi 

Cor. I. It follows from the same reasoning that 

FQ : FR :: ZM : ZJV, 
and that QR : FR :: MJV ; ZN, 

and that FQ : ZM :: QR : MN, 

(by Th. 3. CoRS. I, 2, 3). 

CoR. 2. Zf a line be drawn parallel to one side of a 
triangle, it will cut the other sides or the other sides produced 
proportionally. 





Cor. 3. The converse of this corollary is true. That 
IS if a line cuts two sides of a triangle, both internally or both 
externally, proportioncUly, the line shall be parallel to the base 
of the triangle. 



F 2 



6o 
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For let AP : PB :i AQ : QC, and 

suppose PQ not parallel to BC, but let 
PQ be parallel if possible ; 

then AP : PB :: ^Q' : Q'C, 

and therefore AQ : QC :: AQ^ : Q[C, 

which is impossible. 

Cor. 4. If any number of lines he parallel and be cut by 
other lines y the intercepts made on the latter by theparcUlels will 
be proportionals. 





Theorem 5. 

If a line bisect the vertical angle of a triangle atid meet the 
bctse, it will divide the ba^e into two segments which have to one 
another the ratio of the sides of the triangle. 




APPLICATION OF PROPORTION TO LINES. 6 1 

Let ABC be a triangle, BD the bisector of the angle 
ABC. 

Then will AD : DC :: AB : BC. 

Draw CS parallel to BD to meet -4^ produced. 

Then by parallelism the angle ^C£ = the angle DBC^ 
and the angle ^^C= the angle -4^Z>. But ^^Z> = DBCy 
and therefore the angle j9C^ = the angle BEC\ and there- 
fore ^^=j9C. 

But because -^-ff, -4C are cut by the parallels DB^ CE\ 
therefore AD \ DC w AB \ BE, 

that is, AD : DC :: ^^ : ^C. 

Cor. I. Conversely^ if AD : DC :: -^-5 : BC, then 
BD is the bisector of the angle ABC 

For there is only one internal bisector of the angle, and 
only one point D which divides the base internally, so that 

AD : DC :: AB : BC. 




Cor. 2. If Bjy bisects the exterior angle, D, then also 
ADl : nC :: AB : BC. 

Draw CE parallel to BI^, as before: and apply the 
same method of proof. 
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Cor. 3. If KR^ BC, then the ratio of AD' : D'C he- 
comes = I, which indicates that D' is at an infinite distance 
{by Theorem 2). Hence the external bisector of the vertical 
angle of an isosceles triangle is parallel to the base. 

Cor, 4, If^ moves so that the ratio AB : BC is con- 
stant^ the bisectors of the interior and exterior angles will 
always pass through the fixed points D, D' which divide AC 
internally and externally in that ratio. 

Cor. 5. Hence the locus of "B is a circle described on DD' 
as diameter. For the angle DBD' is a right angle; and there- 
fore the semicircle on DD' will always pass through B, 




•'w 



Def, Similar figures are such that the angles of the 
one are respectively equal to the angles of the other, and 
have the sides about the equal angles proportionals. 



Theorem 6. 

If two triangles have two angles of the one equal -fespectively 
to two angles of tfu other^ the triangles shrill be similar^ the 
sides which are opposite the equal angles being homologous. 

Let ABCy DEF be the two triangles, which have two 
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angles of the one equal to two angles of the other, an4 
therefore have also their remaining angles equal. 

Then shall they be similar, that is 

AB : BC :: DE : EFy 
and BC : CA :: EF : FD, 

and CA : AB :: FD : DE. 

Conceive the angle E placed on the angle B \ then F 
and D would fall as F' and D* on BC and BA^ at on those 
lines produced : and because the L j^= the L C, therefore 
F'jy is paraUel io CA', 

and therefore BF' : i?C :: ^2/ : BA, 
and therefore ^7?^ : BI^ :: ^C : BAy 
that is -fi"^ : EJD :: ^C : ^-^. 

Similarly by placing F on C, and 2> on -^, the other 
proportions are obtained; and therefore the triangles are 
similar. 

This theorem is a generalization of Theorem 16 in 
Book I. If two angles and a side of one triangle are respectively 
equal to two angles and the corresponding side of another 
triangle, these triangles will be equal in all respects. 
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Hence it will be observed that the equality of the angles 
involves the similarity of the triangles ; and the additional 
equality of a pair of corresponding sides involves the 
identity of the triangles. 



Theorem 7. 

if two triangles have one angle of the one equal to one 
angle of the other ^ and the sides about the equal angles propor- 
tionals, then will the triangles be similar. 

Let the triangles ABC, DEF have the angles at B and 




E equal, and let BA : BC :: ED : EF, then will the trian- 
gles be similar. 

Conceive the angle E placed on the equal angle B, then 
D and 7^ will fall as at If and F* on the sides BA, BC, 
and since BA : BC :: EjD : EF, 

therefore BA : BD \\BC\ BF, 

and therefore JDIF' is parallel to AC, Th. 4. Cor. 3. 

and the angles BDF" and BFIf, that is, D and F, are 
equal respectively to the angles A and C Hence the trian- 
gles are equiangular and therefore similar. 

It will be observed that this theorem is a generalization 
of Book I. Theorem 17. If two sides and the included angle 
^f one triangle are respectively equal to two sides and the included 
angle of another, the triangles will be equal in all respects^ 
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Theorem 8. 

If the sides ahmt each of the angles of two triangles are 
proportiancUSy the triangles will be similar. 

Let ABCy DEF be two triangles 'which have their sides 
A 





about each of their angles proportional, 

that is, AB : BC :: DE : EE, 

and BC : CA :: EE : ED, 

and CA :AB :: ED : DE. 

Conceive a triangle equiangular to ABC applied to EE, 
on the opposite side of the base EEy so that the angles 
FEGy EEG are equal to B and C respectively. 

Then the triangle GEE is equiangular to ABC^ and 
therefore similar to it, 

and therefore GE : EE :: AB \ BC, 

hut AB : BC :: DE : EE, 

and therefore GE\EE\\DE\ EE, 

and therefore GE = -£"2?. 

Similarly GE^ DE, 

and the triangle I>EE is therefore equiangular to GEE, and 
therefore also to ABC, 
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Therefore the triangle DBF is similar to the triangle 
ABC. 

This theorem is a generalization of Book i. Theorem i8. 
If the three sides of one triangle are* respectively equal to the 
three sides of another y these triangles will be equal in all respects. 



Theorem 9. 

If two triangles have the sides about an angle of the one 
triangle proportional to the sides about an angle of the other ^ and 
have also the angle opposite that which is not the less of the two 
sides of the one equal to the corr^ponding angle of the other ^ 
these triangles will be similar. 

Let ABCy DEFhe the two triangles, in which 

BA \AC.\ED \DFy 





F' C 



and let -^C be not less than AB, and DF therefore not less 
than DEj and also let the angle B = the angle E. 
Then shall the triangles be similar. 

Cut off Biy = ED, and draw to ^C an oblique lyF" 
parallel to ^ C 
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Then by similar triangles BD'F and BACy 

Bjy : jyF' :i BA : AC, 
that is, ED : J^F^ :: BA : AC, 

but EJDiDF ::BA:AQ 

therefore DF=^ DF, 

and since Z>^is not less than DE, the two triangles -52/^, 
EDF are equal in all respects by Book i. Theorem 19, that is, 
the triangle EDF is equiangular to the triangle BlfF*, 
and therefore also the triangle EDF is equiangular to ABC, 
and therefore similar to ABC. 

This theorem is a generalization of Book i. Theorem 19, 



Theorem 10. 

Simiidr polygons can be divided into the same number of 
similar triangles. 





Let ABCDE, FQRSThe similar polygons, that is, let 
the angles A, B,C.., of the one equal the angles F, Q, E*.. 
of the other respectively, and let the sides which contain 
the equal angles be proportional. 
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That is, let EA : AB :: TP : PQ, and similarly fot the 
sides about the other angles. 

Take any point O within the polygon ABCDE. Join 
OA, OE. Make the angles TPa, PTO equal to EAO, 
AEO respectively. 

Then if OB, OC. 0Q, OR,,, be drawn, the polygons 
will be divided into the same, number of similar triangles. 

Por join OB, aQ. 

Then since the triangles OAE, OPTzxt, equiangular, 
.-. OA : AE :: O'P : PT; 
but AE : AB :: PT : PQ; 

.'. OA : AB :: aP : PQ, 

and since the angle ^^^=the angle QPT, and OAE^ffPT^ 

.'. the angle OAB ^^thQ angle ffPQ; 

.-. the triangles OAB, ffPQ are similar; 

and therefore OBA = O'QP, and (9^ : BA :: C>'^ : PQ ; 
in the same way it may be shewn that if OC, OR are 
joined, the triangle OBC is similar to the triangle OQR. 

Hence the polygons can be divided into the same 
number of similar triangles. 

The points O, (7 are then called homologous points, and 
the lines OB, OQ\ OA, OP, &c, homologous lines. 

Cor. I. The perimeters of similar polygons have to one 
another the ratio of the homologous sides of the polygon^ 

T, . AE AB BC ^ ^ , , 

l^or smce -pj^^pQ = Qp = ••• therefore also by 

,^, ^ , AE-^-AB-^-BC-^,.. AE 

(Theorems. Cor. 5) pr^.pQ^QR^... = FT' 
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Cor. 2. Tlie perimeters of similar polygons have to one 
another the ratio of any pair of homologous lines. 

Cor. 3. It follows further that if two polygons have the 
same number of sides^ and the diagonals from the corresponding 
angular points are drawn^ and are such, that 

(i) AH the angles of one figure are equal to the correspond- 
ing angles of the other figures^ or (2) the lines of one figure are 
proportional to the corresponding lilies of the other figure^ 

TTien the twofgures are similar. 



These theorems like the corresponding theorems in 
Book I. may be used to establish many geometrical proper- 
tie& We shall give some examples of their application. 



Examples. 

Ex. I. In a right-angled triangle the perpendicular from the 
right angle on the hypothenuse divides the triangle into two 
others which are similar to the whole and to one another. 

Let ^C!Z? be the triangle, right-angled at C; CD the 
perpendicular. 
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Then the triangles CAD^ BAC have two angles CAD 
and CD A of the one equal respectively to BAC^ BCA <A 
the other ; therefore they are equiangular, and similar. 

In the same manner DCB is equiangular and similar to 
either Z>^ Cor CAB. 

CoR. AD : DC :: DC : DB, 

or the perpendicular from the right angle of a right-an^ed 
triangle on the hypothenuse is a mean proportional between 
the segments of the base. 

Also BA :AC::AC:ADy 

and AB \BC\\BC\BD, 

or the side of a right-angled triangle is a mean proportional 
between the hypothenuse and the projection on it of thai side. 



Ex. 2. The three lines drawn from the angular points of 
a triangle to bisect the opposite sides will intersect in one point. 




Let ABC be the triangle, A\ ^, C the middle points of 
its sides. Then AA\ BB, CC will pass through one 
point 
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Join ffA\ Then since CAy CB are bisected in -5', A\ 
••. C^ : SA :: C4' : A'B, 

and therefore -^-<4' is parallel to AB^ 

and because the triangles CAB^ CB>A are similar, 
therefore AB : ffA :: AC : ffC\ 

but ^ C = 2BC\ and therefore AB = 2^^'. 

Now let AA and ^-5^ cut in G, 

Then the triangles GAB^ GA'B are equiangular, 
and therefore AG : 6^^' :: AB : B'A' ; 
but AB^%ffA\ and therefore ^(7 = 2 G^-4', 

or C?^'=J^^'. 

In the same manner it may be shewn that CC cuts AA 
at a point distant \AA fioxaA \ that is, CC passes through 
(7 the intersection of A A and -5-5'. 



Ex. 3. If a quadrilateral figure he described about a circle^ 
and the points of contact of opposite sides be Joined^ prove that 
these lines and the diagonals of the quadrilateral figure all 
intersect in one point. 

Let A BCD circumscribe the circle, /*, Q, Ry S being the 
points of contact. Let AC qmX. SQ in Oy draw CQ parallel 
to AS, 

Since SQ is the chord of contact of the tangents ASy 
BQy the angle -r45(3«the angle BQO, 
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Therefore CQO is supplementary to ASO, or OQ[C^ 
and therefore CQO^ CQQ, and CQ- CQ'. 

But from the triangles ASO, COQ^ which are similar, 
we get 

AO : CO :: ^5 J C^ or ^5 : CQ. 

Similarly, liPR intersected AC'ma,Aa\Ca\\AP\CR\ 
but AP\CR\\AS\ CQ, and therefore AO.COv.ACf \ CO, 
therefore SQ and P^ divide A Cm the same ratio, or O and 
CX are the same points. Hence AC passes through the 
intersection of SQ and FR, 

' Similarly BJD passes through the intersection of SQ and 
PR; 

therefore the four lines AC, BD, PR, ^Q pass through one 
point. 
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SECTION 11. 



Areas. 



We have seen how lines are represented by numbers; a 
line being known when it contains a known unit a known 
number of times. We now proceed to the consideration of 
areas and their numerical representation. 

The fundamental theorem is the following : 



Theorem ii. 

Farallelografns of the same altitude are to one another as 
their bases. 

Let ABCD, PQJRS be parallelograms of the same alti- 



jyiB 
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tude on the bases AB^ PQ. 

Then shall DABC be to SPQR as AB to PQ. 

G 
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Divide AB into any number of parts AX^ XY.., and 
from PQ cut oflf parts equal to the parts ofAB; and through 
X, V.,, the points of section let lines be drawn parallel to 
the sides of the parallelogram. 

Then the parallelograms DX, EY,,, into which DABC 
is divided are all equal to one another, and equal to those 
cut off from the parallelogram SPQRy since they are on 
equal bases and of the same altitude ; and therefore DX 
is the same aliquot part of .Z?-<4-^C that AX is of AB, 

Hence the parallelogram SFQR contains any aliquot 
part oi DABC as many times as PQ contains the same ali- 
quot part oiABy into however many parts AB and DB are 
divided. 

Therefore AB : PQ :: jDABC : SPQP. 

Cor. I. Triangles of the same altitude are to one another 
as their bases. 

For a triangle is half the parallelogram on the same base 
and having the same altitude as the triangle. 

Cor. 2. If the unit of area be the square on the unit of 
lengthy then will the numerical value of a rectangle be the 
product of the numerical values of its base and altitude. 

For let ABCD be a rectangle, -ST K the unit of length, 




^^ 
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and XZ the square on XYthe unit of area. And let AJB 
contain XY m times, and AD contain it n times. 

Then will the numerical value oi ABCD be mn. 

For construct a rectangle PQRS on a base equal XoXY^ 
and with altitude equal to AD. 

Then DABC : PQRS w AB \ QR, 

:: m : If 

that is, DABC^ m . P^^^, 

and PQRS : ZX :: PQ : XY, 

:: « : I, 

that is, PQRS = n.ZX; 

and therefore DABC = w« . Z^, 

that is, if ZX is the unit, the numerical value of DABC 
will be mn. 

This is generally expressed by saying that the area of a 
rectangle is the product of its base and altitude. 

Remark, If the rectangle is a square, whose side is m, 
the area will be m' : hence if AB is a line, or its numerical 
value, AB' represents either the geometrical square on 
the line, or the arithmetical square of the number which is 
the value of AB, And the rectangle contained by AB 
and CD may be written AB x CD ; for the product of the 
numbers AB and CD is the number which represents the 
rectangle, on the understanding that the unit of area is the 
square of the unit of length. 

Cor. 3. 71k€ area of any parallelogram is the product of 
its base into its altitude^ 

G 2 
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Cor. 4. The area of any triangle is half the product of its 
base and, its altitude. 

Cor. 5. Hence the area of any rectilineal figure can be 
found by dividing it into triangles^ and finding the areas of the 
triangles. 



Theorem 12. 

Equiangular parallelograms have to one another the ratio 
compounded of the ratios of their sides. 

Let A BCD, EBFG be the 

parallelograms, and let them be T T "'7 

placed so as to have AB, BE J- -^ -y^ 

in one straight line, and there- 7 / 

fore also, since the parallelo- / / 

grams are equiangular, so as to -^ ^ 

have CBy BF in one straight 
line. 

Complete the parallelogram CBE, 

Then the ratio oi DB \BG is compounded of the ratios 
oiDB : CE and of CE to BG. 

But DB : CE :: AB : BE, 

and CE : BG :: CB : BE; 

therefore, the ratio of DB : BG is compoimded of the 
ratios AB : BE and CB : BE. 

-• 

CoR. I. Triangles which have one angle of the one equal 
to one angle of the other, are to one another in the rcttio com- 
pounded of the ratios of the sides containing that angle. 
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Cor. 2. Equal parallelograms which are also equian- 
gular^ have their sides reciprocally proportional, . 

For, in the figure above, the ratio compounded of the 
ratio AB : BE and CBiBE must be unity; and therefore 
AB : BE :: BE : CB, or the sides of the parallelograms 
are reciprocally proportional. 

Cor. 3. Conversely^ equiangular parallelograms which 
have their sides reciprocally proportional^ are equal. 

Cor. 4. ffenccy if four straight lines be proportionals, the 
rectangle contained by the extremes is equal to the rectangle 
contained by the means, and conversely. 

Cor. 5. If three straight lines are in continued propor- 
tion, that is, if the first is to the second, as the secofid to the 
third, then will the rectangle contained by the extremes be 
equal to the square on the mean, and conversely. 

CoR. 6. The ratio of two parallelograms or two triangles is 
the rcUio compounded of the ratios of their bases and altitudes. 

Theorem 13. 

In any circle angles at the centre have to one another the 
ratio of the arcs on which 'they stand, or of the sectors which 
they include. 

I^t ABC be a circle, of which O is the centre. 
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And let A OB, FOQ be two angles at the centre. 
Then LA OB : lFOQ :: arc^^ : arc FQ, 

:: ^tctor A OB : sector FOQ, 

Divide the arc AB into any number of equal parts, and 
from the arc FQ cut off arcs equal to these. Join the 
points of division to O. 

Then, since equal arcs subtend equal angles at the cen- 
tre, the arc AB, and the angle A OB, are divided into the 
same number of parts. 

And therefore FOQ contains an aliquot part oi AOB 
the same number of times that FQ contains the same 
aliquot part of AB^ into however many parts AB and 
A OB are divided j therefore 

lAOB : lFOQ :: arc ^^ : arc FQ. 

In precisely the same manner, since equal angles con- 
tain equal sectors, it may be shewn that 

lAOB \ lFOQ :: sector ^6>^ : sector FOQ. 

Theorem 14. 

Similar polygons are io one another in the ratio of the 
squares of their homologous sides. 

Let ABODE, FQFSTht similar polygons. 





JTQ 
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Divide each of them into the same number of similar 
triangles by lines drawn from the points O^ O. 

Let OABy (XFQ be two similar triangles. 

Draw OM^ ON perpendicular to AB^ PQ. 

OAB ABxOM AB OM 
Now 0pQ^ pQ xaN~ FQ"" ON' 

but by similar triangles OAMy OPN and OAB^ OFQ we 
have 

OM^OA AB 

ON" OF" FQ' 

Therefore, substituting -p^ for -^fj^ above, we have 

OAB _ AB AB 
OFQT FQ "" FQ 

AB* 
" FQ^' 

In the same manner it may be shewn that 

OAE AJS" AB" 
OFT" TF*" F(^' 

since the polygons are similar, and therefore -Tpp = -p7^ ' 

and similarly for the other triangles ; 

OAB _ OAE _ AS" 

'' OFQ" OFT " FQ^' 

Therefore the sum of OABy OAE,.. is to the sum of 
OFQ, OFT... as AB" : F(^\ that is, the polygons are to 
one another as the squares of their homologous sides. 

CoR. I. Hence the polygons are to one another as the 
squares of any homologous lines in them. 
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The polygons are said to be similarly described on their 
homologous sides. 

Cor. 2. It follows from (Theorem 12) that the ratio 
of the squares on two lines is the duplicate ratio of the lines. 
For if ABC^ DEF are squares, then AC : DF is the ratio 





compounded of the ratios AB : DE and BC : EF^ that 
is, of BCiEF, and BC : EF; which is defined to be 
the duplicate ratio of BC : EF 

Moreover, if three straight lines are in continued propor- 
tion, the I St : 3rd in the duplicate ratio of the ist : 2nd. 

Cor. 3. Therefore further if three straight lines be in 
continued proportion^ the 1st : yd'o^ any polygon described on 
the 1st : the similar and similarly described polygon on the 2nd. 



Relation of Algebra to Geometry. 



We now begin to see how algebra and arithmetic may 
assist Geometry. For example, we have learnt in algebra 
that a* — b* = {a -^ b) (a-b). Now suppose a and b to be 
the numerical values of two lines, then a-\-b h the nume- 
rical value of the sum of the line, a-b v& that of their 
difference. 
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And therefore {a -^-b) {a-b) \& the numerical value of 
the rectangle contained by the sum and difference of the 
two lines. 

And cf—V is the difference of the numerical values 
of the squares on the two lines. Hence the algebraical 
identity cf — V ^(a-^b) (a — b) proves the geometrical fact, 
(which indeed we have learnt before) that the difference of 
the squares of two lines is equal to the rectangle contained 
by the svun and difference of those lines. 

So again since {a + b)^ = a* + zab + ^ has a geometrical 
signification which the student should work out for himself 
in the same manner. 

It will be useful for him to work out the geometrical 
meaning (with figures) of the following identities : 

(a - b)* « <?• - 2ab + b\ 
a (a -i- b) ss c^ + ab, 
{a + by=^a{a + b)-hb{aA'b\ 
{a + by + (a-by = 2a'' + 2ff'. 



The following theorems are. useful deductions firom the 
preceding. 
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Examples. 

(i) In any right-angled triangle any figure described on the 
hypothenuse is equal to the similar and similarly described J^res 
on the two sides. 

Let ABC be a triangle right-angled at C] and let 




APQB, BRSC, CTUA be similar figures similarly de- 
scribed on the sides AB^ BQ CA, that is, figures of which 
ABy BC, CA axe homologous sides. 

Then will APQB = BBSC -f CTUA. 

Draw CZT perpendicular to AB. 

Then AB : BC :: BC : BIT hy similar triangles, 
and therefore 

AFQB ; BBSC :: AB : BH (Theorem 14, Cor. 3), 

in the same manner it may be shewn that 

AFQB : CTUA :: AB : Aff, 
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and therefore 

APQB : BRSC+ CTUA :: AB : BH^AH, 

but AB = BHa, AH\ 

and therefore APQB = QRSC + CT!/^. 

It is obvious that a special case of this theorem is the 
theorem proved before, that the square on the hypothenuse 
of a right-angled tirangle is equal to the sum of the squares 
on the sides. 

(2) If through any point O within or without a circle^ 
chords are drawriy the rectangle contained by the segments of the 
one is equal to the rectangle contained by the segments of the 
other. 





Let AOB, COD be the chords through O. Then is 
AO y^ OB =^ CO X on. 

For join CB, AD, Then since the angle Z? = angle 
B in the same segment, and the angle at O common to 
the two triangles AOD, BOC^ the triangles are equiangular 
and similar, 

.-. AO : OD :: CO : OB, 

.'. AOxOB = COxOD. 
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Cor. If one of the secants OCD^ in figure 2, became a 
tangent, as OE^ then OC and OD are equal to 0E\ and 
therefore AO : OE :: OE : OB, and OE' = AO x OE, or 
/^ square on the tangent to a circle from any point is equal 
to the rectangle' contained by the intercepts on the secant drawn 
from ' that point, 

(3) In a quadrilateral inscribed in a circle the rectangle 
contained by the diagonals is equal to the sum of the rectangles 
contained by the opposite sides. 

Let ABCD be the quadrilateral inscribed in a circle.. 
Then will 

ACY,BD^ABy^DC^ADy.BC, 

At the point B make the angle 
CBQ equal to the angle ABD, 

Then in the triangles ABD, 
QBQ since the angle QBC^ih^ 
angle ABB, and the angle ADB 
= the angle QCB, therefore the 

triangles are similar; and therefore AD : DB :: QC : BC, 
and therefore AD x BC^DB ya QC, 

In the same manner, since the triangles ABQ, DBC are 
similar, AB : QA :: DB : DC, and therefore 

AB xDC==DBx QA, 
Therefore AD x BC+ AB x DC « DB x QC+ DB x QA 

= DBxAC. 
This is known as Ptolemjr's theorem. 

(4) In every triangle ABC, the rectangle contained by 
the two sides AB, AC is equal to the rectangle contained by 
the diameter CE of the circumscribing circle, and the per- 
pendicular AD, kt fall on BC. 




THE CIRCLE. 
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For the triangles ADB, CAE 
have the angles ABD= CEA and 
ADB = CAE \ therefore they are 
similar, and therefore 

AB : AD :: CE : AC, 
.\ ABxAC=AI>xC£. 




Theorem 15. 

Circumferences of circles have to one another the ratio of 
their radii. 

The circumference of a circle is always greater than 
the perimeter of a polygon inscribed in it, less than that 
of a polygon circumscribed about it ; and each polygon 
may be brought perpetually nearer to the circle hy increas- 
ipg the number of its sides, and ultimately the two poly- 
gons and the circle will coincide. 





Thus in the left-hand figure the chord AB is less than 
AC, CBy and these are less than AD, DC, CE, FB\ and 
these again, though more nearly coinciding with the arc 
AB, are less than that arc. Again, AC, CB in the right- 
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hand figure are greater than AD^ DF^ FB, and these again 
greater than AG, GK, KL, LN, NB, and these last, 
though more nearly coinciding with the arc AB, are greater 
than that arc. 

Further, if we have two similar and regular polygons 
described inside and outside a circle, the difference between 
their perimeters may be as small as we please. 




For liBQ DE be homologous sides of two such poly- 
gons, the diflference between them will be DF, if BF be 
drawn parallel to AC. And we shall have 

DF : DE :: DB : DA. 

And this being true of all the sides is true of their sum, 
and therefore difference of perimeters : outer perimeter :: 
DB : DA. 

Now DB : DA may be made as small as we please, 
therefore the ratio of the difference of the perimeters to the 
outer perimeter may be made as small as we please; that 
is, since the outer perimeter does not increase but diminish 
at the same time, we may make the difference of perime- 
ters as small as we please. 

Now let c, C be the circumferences of two circles ; r, R 
their radii ; /, / the perimeters of two regular inscribed 
polygons, similar to each other; Oy O the perimeters of two 
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regular circumscribed polygons, similar to each other and 
to the inscribed ; 





Then since the triangles in all the polygons are similar 

we shall have 

r : R :: / : /, 

and r \ jR \: I O, 

Now let r : jR :: c : C\ 

Then i : I :: c : C\ 

and since c is greater than /, C is greater than I, 
so : O :: c : C\ and since C is less than O therefore 
C is less than O. 

Therefore C lies between / and O. 

Now if C diflfered from C by ever so small a quantity, 
we might have the difference between / and O still less, and 
then C would no longer lie between / and O, which is 
impossible. 

So C does not differ from C, and we have • 

r : R :: c : C. 

Cor* Let a^ A he the areas of the circles ; 

.\ a : A :: re : RCy p. 36. 

:: r" : i?", 

that is, circles have to each other the ratio of the squares of 
their radii. 
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SECTION III. 

Problems. 

Problem i. 

To divide a given straight line into two parts which ^hall 
be in a given ratio, , 

Note, By a ^ven ratio is meant the ratio of two given 
lines, or of two given numbers : and since two lines can 
always be found which have the ratio of two given numbers, 
it follows that a given ratio can always be represented by the 
ratio of two given lines. 

Let AB be the given line, C and D the lines which have 
the given ratio ; then it is required to divide AB into two 
parts, which have to one another the ratio oi C \ D, 

Construction, From A draw a line AE making any 
angle with AB^ and cut off parts AH^ HK equal to C and 






B If 



D respectively. Join KB, and draw -ffP parallel to KB, 
P will be the point of division required. 



PROBLEMS. 89 

Proof. For since HP is parallel to KB^ 
therefore AP : PB :: AH : HK \ 

but AH^C'y and HK^D; 

therefore AP \ PB \\ C \ D, 

that is, AB is divided into two parts which are to one an- 
other in the given ratio. 

CoR- I. In the same manner a line may he divided into 
any number of parts which have to one another given ratios. 

Cor. 2. Hence a line may be divided into any number 
of equal parts ^ the given ratios being all ratios of equality. 

Note. This construction divides the line internally into 
parts which have the given ratio. If it is required to divide 



..'' 



s-/ 



y 



^y^^ rb 

it externally^ HK must be measured in the opposite direc- 
tion along AE^ as in the figure. 

The proof will be the same as before. 



Problem 2. 

To find a fourth proportional to three given straight lines. 

Let Ay By C be the given straight lines to which it is 
required to find a fourth proportional 

Construction. Take any angle X, and on one of its arms 
take XDy DE equal to Ay B respectively : and on the other 

H 
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arm take XF equal to C. Join DF, and draw i^ZT parallel 
to DF^ to meet XF produced in ZT. 



(7- 




Then shall FHht the line required. 

Proof, For since 2?-^ is parallel to EH, 

XD : DE :: Xi?^ : i?!^, 

but XD, DEy and -Xi^ are equal to A, B, C respectively; 

therefore A \ B w C : FH\ 

that is, FH is the fourth proportional required. 

Cor. Hence a third proportional to two given straight lines 
can be found, by taking C^B, 



Problem 3. 

To find a mean proportional between two given straight 
lines. 

Let A, B be the given straight lines : it is required to find 
a mean proportional between A and B. 



PROBLEMS. 91 

Construction. Take HKy KL in the same straight line, 
equal to A and B respectively. On HK describe a semi- 



JB 
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J*C- 

X 

X 
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b* 

L 



circle, and draw J^M perpendicular to HZ to meet the cir- 
cumference in JV. KM is the line required. 

* Proof. Join HM^ ML. Then since HML is a semi- 
circle, HML is a right angle ; therefore MK^ the perpen- 
dicular from the right angle on the hypothenuse, is a mean 
proportional between the segments of the base ; that is, 
MK is a mean proportional between HK and KLy or 
between A and B. 



Problem 4. 

To divide a straight line in extreme and mean ratio, 

A line AB is said to be divided in extreme and mean 
ratio in C, when 

AB : AC :: AC : CB. , 

Let AB be the given straight line, which it is required 
to divide in extreme and mean ratio. 

H2 
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Construction, From B draw -5^ perpendicular to AB, 
and equal to half AB, Join AH. With centre H^ and 



X 









-^. 









I 



I 



y 



y 



i» ' 



^ 



radius HB describe a circle cutting AH and -^-^ produced 
in K and L ; and cut off from AB a part AC = AK, 
C shall be the point required. 

Proof, Since HB is at right angles to AB^ AB is a 
tangent to the circle KBL, • 

Therefore AL : AB :: AB : ^Z". 

Therefore 

AB lAL-AB :: ^^ :AB-AK (Th. 3, Cor. 3). 

But since AB=2HB=KL, dindAK=AC, 

we have -4Z - AB = ^^= ^ C, 

and AB-AK^BC) ^ 

therefore AB \ AC w AC \ BC, 



Algebraical Solution. 

Remark, It is instructive to compare this with the 
algebraical solution. Let the given line AB = a, that is, 
contain a units of length : and let A C the portion required, 
which is at present unknown, -x. 
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Then by the conditions a \ x \\ x \ a—x^ 
that is, ai^a—x)— c^. 

But this is a quadratic equation in x^ solving which we 
obtain 

^= ,a, 

2 

And the geometrical construction is the expression of the 
operations here represented. For if AB = a, HB = - dJ, and 

AH^^AB"^ HB^ = (£" + - a^=^ a!"] and^Zr=^.«: and 

4 4 2 ' 

HK = - « : and therefore AK= — a — a= ^ " — a. 

2 . 2 2 2 

Therefore AC^x^ -AzJi ^. 

2 

The negative sign before the radical corresponds to the 
solution of a problem more general than the geometrical 
problem as stated above, and the consideration of it must be 
deferred. 



Problem 5. 

To construct a triangle similar to a given triangle, on a 
straight line which is to be homologous to a given side of the 
triangle. 

Let ABC be the given triangle, DE the given straight 
line which is to be homologous to AB, 

Construction, At D and E draw lines making with DE 
angles equal to the angles A and B, and let these lines 
meet in F, Then DEF'\% the triangle required. 
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D 






:b 



Proof, For the triangle DEF is by construction equi- 
angular to the triangle ABC^ and therefore it is similar 
to it. 

Cor. Hence a polygon can he constructed similar to any 
given polygon^ on a straight line which is to be homologous to a 
given side of the polygon. 

For the given polygon can be divided into triangles. 



Problem 6. 

To make a square which shall be to a given square in a 
given ratio. 

Let AB be the side of the given square, AB : BC in 
the given ratio. 

. J> 



B 



a 
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Cmstrudion, On AC describe a semicircle, and draw 
BI> perpendicular to A C, to meet the semicircle in £>. BD 
is the side of the square required, ' 

Proof. Since AB : BD :: BD : BC, 
therefore ABC : BD" :: AB : BC, 

that is AB* : BD ' in the given ratio. 

Cor. TAe same construction and proof are applicable to 
any polygon. 

For similar polygons are to one another as the squares 
on their homologous sides. 



Problem 7. 

To inscribe a regular decagon in a given circle. 

We shall solve this by the method of analysis and syn- 
thesis. 

Analysis, The radii to two consecutive angular points 

must include an angle equal to — th of 4 right angles, or 

10 

to - th of 2 right angles. That is, if OA^ OB are such radii, 

the angle at O must be - th of two right angles, and there- 

2 
fore the angles at A and B must each be - ths of 2 right 

angles, since the three angles are together equal to 2 right 
angles. 

Bisect the angle OB A by the line BC. Then OBC 
and CBA each are equal to AOB \ and therefore CB=CO^ 
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and BCA is double of COB^ and therefore =BAC\ ihsx^- 
ioxtAB^BC^CO. 




But since OB A is bisected by BC 

OB : AB :: OC : CA ; 
therefore OA : OC :: OC : CA, 

or OA is divided in extrieme and mean ratio in C. 

Hence the construction follows. 

Synthesis. Take OA any radius of the circle ; divide it 
in extreme and mean ratio in C so that 

OA \ OC V. OC \ CA. 

Place AB as a chord of the circle equal to OC. Join 
BO, CA. 

Then AB is a side of a decagon inscribed in the cu*cle. 

Proof. For since OA : OC :: OC : C^, 

and C>-4 = OB, and (9(7= ^^ ; 

therefore OB : ^^ :: OC : C^ ; 

and therefore CB bisects the angle OBA ; and the angle 
OB A is double of ABC. 

And again since the triangles OAB, BAC have the angle 
at A common, and have the sides about the common angle 
proportionals, viz. OA : AB :: AB ; AC; 
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Therefore these triangles are similar and equiangular; 
therefore the angle ABC is equal to the angle A OB. 

But OB A is double of ABC, and therefore each of the 
angles OB A, OAB is double of A OB. 

But the three angles OBA, OAB, A OB together equal 
2 right angles ; therefore OAB = - th of 2 right angles, or 

— th of 4 right angles. 

Hence ten chords equal to AB could be placed round 
the circumference of the circle, and thus a regular decagon 
would be inscribed. 

Cor. I. JImce a regular pentagon may be inscribed in a 
circle by joining the cUtemate angular points of an inscribed 
decagon. 

CoR. 2. Hence regular polygons of 20y 40, 80 sides can 
be constrtuted. 

Problem 8. 

To inscribe a regular quindecagon in a given circle. 

Let ABC be the given circle, in which it is required to 
inscribe a regular quindecagon. 
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Construction* Inscribe an equilateral triangle ABC, and 
a regular pentagon ADEFG^ having one angular point A 
common. 

Join BEy and place chords equal to BE round the cir- 
cuipference of the circle : they will form an inscribed quin- 
decagon. 

Proof* For AE is - ths of the circumference, axidAB is 

I 2 11 

- rd of the circumference : therefore BE is = — th of 

3 5 3 IS 

the circumference, and therefore 15 chords equal to BE can 
be placed round the circumference of the circle, and will 
form a regular quindecagon. 

Cor. Hence regular polygons of ^o^ 60, 120 &c. sides 
can be constructed. 

Regular polygons can therefore be constructed when the 
nimiber of their sides is 3, 4, 5, or 15, or these numbers 
multiplied by any power of 2. And besides these no other 
regular polygons can be constructed by the use of the ruler 
and compasses only, with the remarkable exception dis- 
covered by Gauss ; who shewed that a polygon of 2* + i 
sides can be described by the ruler and compasses alone, 
when n is such that 2" + 1 is a prime number. If n has . 
the values i, 2, 3 ... in succession, 2"+ i takes the values 
3> 5> 9> 17, 33» 65, 129, 257 ... of which 3, 5, 17, 257 are 
primes. Hence Gauss has shewn that regular polygons of 
17 and 257 sides can be constructed by the use of the ruler 
and compasses; but the construction and proof, even for 
the first of these, are far too tedious to be given in an 
elementary worL 
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Miscellaneous Theorems and Problems, 

1. The bisector of an angle of an equilateral triangle, 
passes through one of the points of trisection of the perpen- 
dicular from either of the other angles on the opposite side. 

2. The bisectors of the angles of a triangle intersect in 
one point 

3. ABC J PQR are two parallel lines such that 

AB : BC :: PQ : QR, 

prove that AP, BQ, CR are either parallel or meet in one 
point. 

4. The external bisector of the vertical angle of an 
isosceles triangle is parallel to the base. 

5. The line joining the middle points of the sides of a 
triangle is parallel to the base, and is equal to half the 
base. 

6. The triangle formed by joining the middle points of 
the sides of a triangle is similar to the original triangle, and 
has one fourth of its area. 

7. The lines that join the middle points of adjacent 
sides of a quadrilateral form a parallelogram. Under what 
circumstances will it be a rhombus, a square, or a rectangle? 

8. CAB is a triangle, and in AC a. point A' is taken^ 
and BB' is cut off from CB produced, so that AA' = BB'. 
Prove that A'B" is cut by AB into parts which have to one 
another the ratio CB : CA, 
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9. To inscribe a square in a triangle. 

10. If two triangles are on equal bases between the 
same parallels any straight line parallel to their bases will 
cut off equivalent areas from the two triangles. 

11. Make an equilateral triangle equivalent to a given 
square. 

12. Find a point O within the triangle ABC, such that 
OABy OACy OBC shaXl be equivalent triangles. 

13. The angle -^ of a triangle ABC is bisected by a 
line that meets the base m D\ BCis bisected in O. Prove 
that OB : OjD :: AB-hAC : AB-^AC. 

14. Given the base, vertical angle, and ratio of the 
sides, construct the triangle. 

15. Perpendiculars are drawn from any point within an 
equilateral triangle on the three sides ; shew that their sum 
is invariable. 

16. Deduce from Ptolemy's Theorem that if Pis any 
point in the circumference of the circle circumscribing an 
equilateral triangle ABC, of the three lines BA, BBy PC 
one is equal to the sum of the other two. 

17. From any point in the base of a triangle lines are 
drawn parallel to the two sides. Find the locus of the inter- 
section of the diagonals of the parallelograms so formed. 

18. Let P, Q be points in AB, and AB produced, so 
that AP : PB :: AQ : QB ; through B draw a perpen- 
dicular to AB to meet the semicircle on PQ in M: prove 
that AM touches the circle at M. 
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19. AB is a given line, and CD a given length on a 
line parallel to AB^ and A C, BD intersect in O ; prove that 
as CZ> varies in position, the locus of ^ is a line parallel 
to AB. 

20. AB is a diameter of a circle of which AEF, BEG 
are chords. CED is drawn through E at right angles to 
AB\ prove that CFDG is a quadrilateral such that the 
ratio of any pair of its adjacent sides is equal to the ratio of 
the other pair. 

21. Divide a given arc of a circle into two parts which 
have their chords in a given ratio to one another. 

22. If in two similar triangles lines are drawn from two 
of the equal angles to make equal angles with the homolo- 
gous sides, these lines shall have to one another the same 
ratio as the sides of the triangle. 

23. To make a rectilineal figure similar to a given recti- 
lineal figure, and having a given ratio to it 

24. To find two straight lines which shall have the 
same ratio as two given rectangles. 

25. To describe on a given straight line a rectangle 
equal to a given rectangle. 

26. To make an isosceles triangle, with a given vertical 
angle, equal to a given triangle. 

27. In a quadrilateral figure which cannot be inscribed 
in a circle the rectangle contained by the diagonals is less 
than the sum of the rectangles contained by the opposite 
sides. 
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28. In any triangle ABC the rectangle ABy^AC is 
equal to the rectangle contained by the diameter of the 
circle circumscribing the triangle, and the perpendicular 
from A on BC, 

29. Hence shew that if -^ be the area of a triangle 
ABC, D the diameter of the circumscribing circle, 

Ay.I> = ^ABxBCxCA. 

30. Construct a rectangle equal to a given square, and 
having the sum of its adjacent sides equal to a given straight 
line. 

31. Construct a rectangle equal to a given square, and 
having the difference of its adjacent sides equal to a given 
square. 

32. Describe a rectangle equal to a given square, and 
having its sides in a given ratio. 

33. To make a figure similar to a given figure, and hav- 
ing a given ratio to it. 

34. AB is a diameter of a circle, and at A and B 
tangents are drawn to the circle. If PCQ be a tangent at 
any point C, cutting the tangents at A, B in P, Q, prove 
that the radius of the circle is a mean proportional between 
the segments FC, QC 

35. With the same figure prove that if -4^, -5P inter- 
sect in By then CR is parallel to AP or BQ, 

36. If two triangles AEF, ABC have a common angle 
A, prove that 

the triangle AEF : triangle ABC= AE. AF : A B.AC. 
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37. Given two points in a terminated straight line, find 
a point in the straight line such that its distances from the 
extremities of the line are to one another in the same ratio 
as it's distances from the fixed points. 

38. Divide a given straight line into two parts such 
that their squares may have a given ratio to one another. 

39. AB is divided in C\ shew that the perpendiculars 
from A, B on any straight line through C have to one an- 
other a constant ratio. 

40. From the obtuse angle of a triangle to draw a line 
to the base which shall be a mean proportional between the 
segments of the base. 

41. Divide a given triangle into two parts which shall 
have to one another a given ratio by a line parallel to one of 
the sides. 

42. If from any point in the circumference of a circle 
perpendiculars be drawn to the sides, or sides produced of an 
inscribed triangle, prove that the feet of these perpendiculars 
lie in one straight line. 

43. If a line be divided into any two parts to find the 
locus of the point in which these parts subtend equal 
angles. 

44. If two circles touch each other externally, and also 
touch a straight line, prove that the part of the line between 
the points of contact is a mean proportional between the 
diameters of the circles. 

45. Any regular polygon inscribed in a circle is a mean 
proportional between the inscribed and circumscribed regular 
polygons of half the number of sides. 
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46. ABC is a triangle, and O is the point of intersec- 
tion of the perpendicular from ABC on the opposite sides 
of the triangle : the circle which passes through the middle 
points of OAy OBy OC, will pass through the feet of the 
perpendiculars, and through the middle points of the sides of 
the triangle. 

47. Describe a circle to touch a given straight line 
and a given circle, and to pass through a given point 

48. A and B are two points on the same side of a 
straight line which meet AB produced in C Of all the 
points in this straight line find that at which AB subtends 
the greatest angle. 

49. Inscribe a square in a given pentagon. 

50. A BCD is a quadrilateral figure circumscribing a 
circle, and through the centre (7, a line EOF equally in- 
clined to AB and ^C is drawn to meet them in £ and Fi 
prove that AE : EB :: CE : ED. 



C ^'h.AtC ^ /u. U fu.H k 










V '• 



/ 



//•^ <^. 



A^ 




CAMBRIDGE : PRINTED AT THE UNIVERSITY PRESS. 



April, 1868. 



LIST OF EDUCATIONAL BOOKS 



PUBLISHED BY 



MACMILLAN AND CO., 



16, BEDFORD STREET, CO VENT GARDEN, 



^0nir0n, w.c. 



CONTENTS. 



CLASSICAL 

MATHEMATICAL 

SCIENCE 

MISCELLANEOUS 

DIVINITY 

BOOKS ON EDUCATION 



Page 
3 

7 

^7 

19 

21 

24 



Messrs. Macmillan & Co. beg to call attention to the 
accompanying Catalogue of their Educational Works, 
the writers of which are mostly scholars of eminence in the 
Universities^ as well as of large experience in teaching. 

Many of the works have already attained a wide 
circulation in England and in the Colonies^ and are 
acknowledged to he among the very best Educational Books 
on their respective subjects. 

The books can generally be procured by orderitig thetn 
through local booksellers in town or country, but if at any 
time difficulty should arise, Messrs. Macmillan will feel 
much obliged by direct communication with themselves on the 
subject. 

Notices of errors or defects in any of these works will 
be gratefully received and acknowledged. 



LIST OF EDUCATIONAL BOOKS. 



CLASSICAL. 



yESCHYLUS.^MSCnYlA EUMENIDES. The Greek Text, with 
English Notes, and English Verse Translation and an Introduction. 
By Bernard Drake, M.A., late Fellow of King's College, Cam- 
bridge. 8vo. ^s. (id. 

The Greek Text adopted in this Edition is based upon that of Wellauer, 
which may be said in general terms to represent tnat of the best manu- 
scripts. But in correcting the Text, and in the Notes, advantage has been 
taken of the suggestions of Hermann, Paley, Linwood, and other com- 
mentators. 

^^ZyrOTZ^.— ARISTOTLE ON FALLACIES; OR, THE 
SOPHISTICI ELENCHL With a Translation and Notes by 
Edward Poste, M.A., Fellow of Oriel College, Oxford. 8vo. 
&f. 6dr. 

Besides the doctrine of Fallacies, Aristotle offers either in this treatise, or 
in other passages quoted in the commentary, various glances over the 
world of science and opinion, various suggestions on problems which arc 
still agitated, and a vivid picture of the ancient system of dialectics, which 
it is hoped may be found both interesting and instructive. 

" It is not only scholarlike and careful ; it is also perspicuous.'' — Guardian. 

ARISTOTLE.— KS INTRODUCTION TO ARISTOTLE'S 
RHETORIC. With Analysis, Notes, and Appendices. By 
E. M. Cope, Senior Fellow and Tutor of Trinity College, Cam- 
bridge. 8vo. 14J. 

This work is introductory to an edition of the Greek Text of Aristotle's 
Rhetoric, which is in course of preparation. 

** Mr. Cope has given a very useful appendage to the promised Greek Text ; 
but also a work of so much independent use that he is quite justified in his 
separate publication. All who have the Greek Text will find themselves 
supplied with a comment ; and those who have not will find an analysis of 
the work." — Athenaum. 



LIST OF EDUCATIONAL BOOKS. 



CATULLUS.— CKTVIAA VERONENSIS LIBER, edited by R. 
Ellis, Fellow of Trinity College, Oxford. i8mo. 3J". ()d. 

" It IS little to say that no edition of Catullus at once so scholarlike has ever 
appeared in England." — Atherutum. 

*' Rarely have we read a classic author with so reliable, acute, and safe a 
guide." — Saturday Review. 

CICERO.— TYiE SECOND PHILIPPIC ORATION. With an 
Introduction and Notes, translated from the Germstfi of Karl 
Halm. Edited, with Corrections and Additions, by John E. B. 
Mayor, M.A., Fellow and Classical Lecturer of St. John's Col- 
lege, Cambridge. Third Edition, revised. Fcap. 8vo. 5^. 

" A very valuable edition, from which the student may gather much both in 
the way of information directly communicated, and directions to other 
sources of knowledge." — Athetueum, 

£>£MOSTIf£N£S.—T>EUOSTKENES on the CROWN. The 
Greek Text with English Notes. By B. Drake, M.A., late 
Fellow of King's College, Cambridge. Third Edition, to which 
is prefixed iEscHiNES against Ctesiphon, with English Notes. 
Fcap. 8vo. 5^. 

The terseness and felicity of Mr, Drake's translations constitute perhaps 
the chief value of his edition, and the historical and archaeological details 
necessary to understanding the De Corond have in some measure been 
anticipated in the notes on the Oration of iCschines. In both, the text 
adopted in the Zurich edition of 1851, and taken from the Parisian MS., 
has been adhered to without any variation. Where the readings of 
Bekker, Dissen, and others appear preferable, they are subjoined in the 
notes. 

HODGSON.— uythoi^ogy for latin versification. 

A Brief Sketch of the Fables of the Ancients, prepared to be 
rendered into Latin Verse for Schools. By F. Hodgson, B.D., 
late Provost of Eton. New Edition, revised by F. C. Hodgson, 
M.A. i8mo. 3J. 

Intending the little book to be entirely elementary, the Author has made it 
as easy as he could, without too largely superseding the use of the Dic- 
tionary and Gradus. By the facilities here afforded, it will be possible, in 
many cases, for a boy to get rapidly through these preparatory exercises ; 
and thus, having mastered the first difficulties, he may advance with better 
hopds of improvement to subjects of higher character, and verses of more 
difficult composition. 

jessopr—Pl manual of the greek accidence for 

THE USE OF beginners. By Augustus Jessopp, M.A., 
Head Master of King Edward the Sixth School, Norwich. Fcap. 
8vo. 3^. 6^. 



CLASSICAL, 



ycrVENAL.—JVYENAl., FOR SCHOOLS. With English Notes. 
By J. E. B. Mayor, M.A. New and Cheaper Edition. Crown 
8vo. [In the Press, 

" A School edition of Juvenal, which, for really ripe scholarship, extensive 
acquaintance with Latin literature, and familiar knowledge of Continental 
criticism, ancient and modern, is unsurpassed, we do not say among Eng- 
lish School-books, but among English editions generally." — Edinburgh 
Review. • 

LYTTELTON.—T^IE COMUS of MILTON rendered into Greek 
Verse. By Lord Lyttelton. Extra fcap. 8vo. Second Edition. 

— THE SAMSON AGONISTES of MILTON rendered into 
Greek Verse. By Lord Lyttelton. Extra fcap. 8vo. 6s. 6d. 

MARSHALL.— A TABLE OF IRREGULAR GREEK VERBS, 
Classified according to the Arrangement of Curtius's Greek 
Grammar. By I. M. Marshall, M.A., Fellow and late Lec- 
turer of Brasenose College, Oxford ; one of the Masters in Clifton 
College. 8vo. cloth, is, 

MA F(9^.— FIRST GREEK READER. Edited after Karl Halm, 
with Corrections and large Additions by John E. B. Mayor, M. A., 
Fellow and Classical Lecturer of St. John's College, Cambridge. 

[In the Press. 

MERIVALE.—YL-EKIlS' HYPERION rendered into Latin Verse. 
By C. Merivale, B.D. Second Edition. Extra fcap. 8vo. 
3J. 6d, 

PHILOLOGY,— TYLY. JOURNAL of SACRED and CLASSICAL 
PHILOLOGY. Four Vols. 8vo. I2j. dd. each. 

PLATO.— TYYY. REPUBLIC OF PLATO. Translated into En- 
ghsh, with an Analysis and Notes, by J. LI. Davies, M.A., and 
D. J. Vaughan, M.A. Third Edition, with Vignette Portraits 
of Plato and Socrates, engraved by Jeens from an Antique Gem. 
i8mo. 4.r. dd. 

ROBY.—KN ELEMENTARY LATIN GRAMMAR. By H. J. 
RoBY, M.A. New Edition. iSmo. [In the Press, 

" It contains an amount of accurate and well-digested knowledge such as is 
often found wanting in works of much greater pretensions. We know no 
book which in so small a compass, and with so httle parade, contains more 
sound knowledge of Latin." — Spectator. 



LIST OF EDUCATIONAL BOOKS. 



SALLUST.—CMl SALLUSTII CRISPI Catilina et Jugurtha. 
For use in Schools (with copious Notes). By C. Merivale, B.D. 
(In the present Edition the Notes have been carefully revised, and 
a few remarks and explanations added.) Second Edition. Fcap. 
8vo. 4-r. 6d, 

The Jugurtha and the Catilina may be had separately, price 2s. 6d. 

each. 

TAC/TC/S.— THE HISTORY OF TACITUS translated into ENG- 
LISH. By A. J. Church, M.A., and W.J. Brodribb, M.A. 
With Notes and a Map. 8vo. lOf. 6d. 

The translators have endeavoured to adhere as closely to the original as was 
thought consistent with a proper observance of English idiom. At the 
same time it has been their aim to reproduce the precise expressions of the 
author. The campaign of Civilis is elucidated in a note of some length 
which is illustrated by a map, containing only the names of places and of 
tribes occiuring in the work. 

— THE AGRICOLA and GERMANIA. By the same translators. 

[/« th€ Press, 

THRIH/G.—y^ orVs by Edward Thring, KLA., Head Master of 
Uppingham School : — 

— A CONSTRUING BOOK. Fcap. 8vo. 2j. 6d. 

This Construing Book is drawn up on the same sort of graduated scale as the 
Author's English Grammar. Passages out of the best Latin Poets are 
gradually built up into their perfect shape. The few words altered, or in- 
serted as the passages go on, are printed in Italics. It is hoped by this 
plan that the learner, whilst acquiring the rudiments of language, may 
store his mind with good poetry and a good vocabulary. 

— A LATIN GRADUAL. A First Latin Construing Book for 
Beginners. Fcap. 8vo. 2s, 6d. 

The main plan of this little work has been well tested. 

The intention is to supply by easy steps a knowledge of Grammar, combined 

with a good vocabulary ; in a word, a book which will not require to be 

forgotten a^ain as the learner advances. 
A short practical manual of common Mood constructions, with their English 

equivalents, form the second part 

— A MANUAL of MOOD CONSTRUCTIONS. Extra fcap. 
8vo. is. 6d. 

THUCYDWES.—TllE SICILIAN EXPEDITION. Being Books 
VI. and VII. of Thucydides, with Notes. A New Edition, revised 
and enlarged, with a Map. By the Rev. Percival Frost, M.A., 
late Fellow of St. John's College, Cambridge. Fcap. 8vo. $s. 

This edition is mainly a grammatical one. Attention is called to the force 
of compound verbs, and the exact meaning of the various tenses employed. 
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WRIGHT.— Vfork» by J. Wright, M.A., late Head Master of 
Sutton Coldfield School :— 

— HELLENICA ; Or, a HISTORY of GREECE in GREEK, 
as related by Diodorus and Thucydides, being a First Greek 
Reading Book, with Explanatory Notes Critical and Historical. 
Second Edition, with a Vocabulary. i2mo. 3J. 6d, 

In the last twenty chapters of this volume, Thucydides sketches the rise and 
progress of the Athenian Empire in so clear a style and in such simple 
umguage, that the author doubts whether any easier or more instructive 
passages can be selected for the use of the pupil who is commencing 
Greek. 

— A HELP TO LATIN GRAMMAR ; Or, the Form and Use 
of Words in Latin, with Progressive Exercises. Crown 8vo. 

" Never was there a better aid offered alike to teacher and scholar in that 
arduous pass. The style is at once familiar and strikingly simple and 
lucid ; and the explanations precisely hit the difficulties, and thoroughly 
explain them." — English Journal of Education, 

— THE SEVEN KINGS OF' ROME. An Easy Narrative, 
abridged from the First Book of Livy by the omission of difficult 
passages, being a First Latin Reading Book, with Grammatical 
Notes. Fcap. 8vo. 3^. 

This work is intended to supply the pupil with an easy Construing-book, 
which may at the same time be made the vehicle for instructing nim in 
the rules of grammar and principles of composition. Here Livy tells his 
own pleasant stories in his own pleasant words. Let Livy be the master 
to teach a boy Latin, not some English collector of sentences, and he will 
not be found a dull one. 

— A VOCABULARY AND EXERCISES on the "SEVEN 
KINGS OF ROME." Fcap. 8vo. 2s. 6d. 

The Vocabulary and Exercises may also be had bound up with 
"The Seven Kings of Rome," price 5^. 
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AIRY. — Works by G. B. Airy, Astronomer Royal ; — 

— ELEMENTARY TREATISE ON PARTIAL DIFFEREN- 
TIAL EQUATIONS. Designed for the use of Students in the 
University. With Diagrams. Crown 8vo. cloth, y. 6d. 

It is hoped that the methods of solution here explained, and the instances 
exhibited, will be found sufficient for application to nearly all the important 
problems of Physical Science, which require for their complete investiga- 
tion the aid of partial differential equations. 
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AIRY.— ^orks by G. B. l^xcj— Continued. 

— ON THE ALGEBRAICAL AND NUMERICAL THEORY 
of ERRORS of OBSERVATIONS, and the COMBINATION 
of OBSERVATIONS. Crown 8vo. cloth, 6j. (>d. 

— UNDULATORY THEORY OF OPTICS. Designed for the 
use of Students in the University. New Edition. Crown 8vo. 
cloth, dr. dd. 

— POPULAR ASTRONOMY. With Illustrations. New and 
Cheaper Edition. i8mo. cloth, 4^. (yd. 

" Popular Astronomy in general has many manuals ; but none of them super- 
sede the Si:( Lectures of the Astronomer Royal under that title. Its 
speciality is the direct way in which every step is referred to the observatory, 
and in which the methoos and instruments by which every observation is 
made are fully described. This gives a sense of solidity and substance to 
astronomical statements which is obtainable in no other way." — Guardian. 

— ON SOUND and ATMOSPHERIC VIBRATIONS. With 
the Mathematical Elements of Music. Designed for the use of 
Students of the University. Crown 8vo. 9^. 

BAYMA.—TWY. ELEMENTS of MOLECULAR MECHANICS. 
By Joseph Bayma, S.J., Professor of Philosophy, Stonyhurst 
College. Demy 8vo. cloth, lar. 6flf. 

BOOLE.— ^orks by G. Boole, D.C.L., F.R.S., Professor of 
Mathematics in the Queen's University, Ireland : — 

— A TREATISE ON DIFFERENTIAL EQUATIONS. New 

and Revised Edition. Edited by I. Todhunter. Crown 8vo. 

cloth, 14^. 

The author has endeavoured in this Treatise to convey as complete an ac- 
count of the present state of knowledge on the subject of Differential 
Equations, as was consistent with the idea of a work intended primarily 
for elementary instruction. The earlier sections of each chapter contain 
that kind of matter which has usually been thought suitable to the beginner, 
while the later ones are devoted eidxer to an account of recent discovery, 
or the discussion of such deeper questions of principle as are likely to pre- 
sent themselves to the reflective student in connexion with the methods 
and processes of his previous course. 

— A TREATISE ON DIFFERENTIAL EQUATIONS. Sup- 
plementary Volume. Edited by I. Todhunter. Crown 8vo. 
cloth, &r. ()d. 

— THE CALCULUS OF FINITE DIFFERENCES. Crown 
8vo. cloth, I or. 6d. 

This work is in some measure designed as a sequel to the Treatise on 
Differential EquaiionSy and is composed on the same plan. 
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BEASLEY.—AN ELEMENTARY TREATISE ON PLANE 
TRIGONOMETRY. With Examples. By R. D. Beasley, 
M.A., Head Master of Grantham Grammar School. Second 
Edition, revised and enlarged. Crown 8vo. cloth, 3^-. 6d. 

This Treatise is specially intended for iise in Schools. The choice of matter 
has been chiefly guided by the requirements of the three days' Examina- 
tion at Cambridge, with the exception of proportional parts^in Logarithms, 
which have been omitted. About J^our hundred Examples have been 
added, mainly collected from the Examination Papers of the last ten years, 
and ereat pains have been taken to exclude from the body of the work any 
which mignt dishearten a beginner by their difficulty. 

CAMBRIDGE SENATE-HOUSE PROBLEMS and RIDERS, 
WITH SOLUTIONS:— 

1848 — 185 1. — PROBLEMS. By Ferrers and Jackson. 8vo. cloth. 
1 5 J. 6d. 

1848— 1851.— RIDERS. By Jameson. 8vo. cloth. *js. ed. 

1854.— PROBLEMS and RIDERS. By Walton and Mackenzie, 
8yo. cloth. I or. 6d. 

i857._PROBLEMS and RIDERS. By Campion and Walton. 
8vo. cloth. 8j. 6d, 

i860.— PROBLEMS and RIDERS. By Watson and Routh. 
Crown 8vo. cloth, ^s. 6d. 

1864.— PROBLEMS and RIDERS. By Walton and Wilkinson. 
8vo. cloth. loj. 6d. 

CAMBRIDGE COURSE OF ELEMENTARY NATURAL PHI- 
LOSOPHY, for the Degree of B.A. Originally compiled by 
J. C. Snowball, M.A., late Fellow of St. John's College. Fifth 
Edition, revised and enlarged, and adapted for the Middle-Class 
Examinations by Thomas Lund, B.D., Late Fellow and Lecturer 
of St. John's College ; Editor of Wood's Algebra, &c. Crown 
8vo. cloth. 5j. 

This work will be found suited to the wants, not only of University Students, 
but also of many others who require a short course of Mechanics and 
Hydrostatics, and especially of the Candidates at our Middle-Class Ex- 
aminations. 

CAMBRIDGE AND DUBLIN MA THEM A TICAL JOURNAL. 
The Complete Work, in Nine Vols. 8vo. cloth. £*j 4^. 

(Only a few copies remain on hand.) 

CHEYNE.—K^ ELEMENTARY TREATISE on the PLANET- 
ARY THEORY. With a Collection of Problems. By C. H. H. 
Cheyne, B.A. Crown 8vo. cloth. 6^. (>d. 

— THE EARTH'S MOTION of ROTATION. By C. H. H. 
Cheyne, M.A. Crown 8vo. 3J. 6d, 
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CfflLDE.—TliE SINGULAR PROPERTIES of the ELLIPSOID 
and ASSOCIATED SURFACES of the Nth DEGREE. Bv 
the Rev. G. F. Childe, M.A., Author of "Ray Surfaces," 
"Related Caustics," &c. 8vo. lar. 6^. 

CHRISTIE— A. COLLECTION OF ELEMENTARY TEST- 
QUESTIONS in PURE and MIXED MATHEMATICS ; with 
Answers and Appendices on Synthetic Division, and on the 
Solution of Numerical Equations by Homer's Method. By James 
R. Christie, F.R.S., late First Mathematical Master at the 
Royal Military Academy, Woolwich. Crown 8vo. cloth, 8j. 6d. 

The Series of Mathematical Exercises here offered to the public is collected 
from those which the author has from time to time proposed for solution by 
his pupils during a long career at the Royal Military Academy ; they are 
in the main origmal : and having well fulfilled the purpose for which they 
were first framed, it is hoped they may be made still more widely usefuL 

Z^^ZrC^iV.— ARITHMETICAL EXAMPLES. Progressively Ar- 
ranged, with Exercises and Examination Papers. By the Rev. 
T. Dalton, M.A., Assistant Master of Eton College. i8mo. 
cloth. 2J. 6d, 

DODGSON.—Kii ELEMENTARY TREATISE ON DETER- 
MINANTS, with their Application to Simultaneous Linear Equa- 
tions and Algebraical Geometry. By C. L. Dodgson, M.A., 
Mathematical Lecturer of Christ Church, Oxford. Small 4to. 
cloth, icxf. 6d. 

Z?^^^.— GEOMETRICAL TREATISE on CONIC SECTIONS. 
By W. H. Drew, M. A., St. John's Collie, Cambridge. Third 
Edition. Crown 8vo. cloth, 4^. dd. 

In this work the subject of Conic Sections has been placed before the student 
in such a form that, it is hoped, after mastering the elements of Euclid, he 
may find it an easy and interesting continuation of his geometrical studies. 
With a view also of rendering the work a complete Manual of what is re- 
quired at the Universities, there have been either embodied into the text, 
or inserted among the examples, every book-work question, problem, and 
rider, which has been proposed in the Cambridge examinations up to the 
present time. 

— SOLUTIONS TO THE PROBLEMS IN DREWS CONIC 
SECTIONS. Crown 8vo. cloth, 4^. (xi. 

FERRERS.— K^ ELEMENTARY TREATISE on TRI LINEAR 
CO-ORDINATES, the Method of Reciprocal Polars, and the 
Theory of Projections. By the Rev. N. M. Ferrers, M.A., 
Fellow and Tutor of Gonville and Caius College, Cambridge. 
Second Edition. Crown 8vo. 6^. 6^. 

The object of the author in writing on this subject has mainly been to place 
it on a basis altogether independent of the ordinary Cartesian system, in- 
stead of regarding it as only a special form of Abridged Notation. A short 
chapter on Determinants has been introduced. 
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FROST.— lYilL FIRST THREE SECTIONS of NEWTON'S 

PRINCIPIA. With Notes and Illustrations. Also a Collection 

of Problems, principally intended as Examples of Newton's 

Methods. By Percival Frost, M.A., late Fellow of St. John's 

College, Mathematical Lecturer of King's College, Cambridge. 

Second Edition. 8vo. cloth, lor. (xl. 

The author's principal intention is to explain difficulties which may be en- 
countered by the student on first reading the Principia, and to illustrate 
die advantages of a careful study of the methods employed by Newton, by 
showing the extent to which they may be applied in the solution of prob- 
lems; he has also endeavoured to give assistance to the student who is 
engaged in the study of the higher branches of Mathematics, by repre- 
senting in a geometrical form several of the processes employed in the 
Differential and Integral Calculus, and in the analytical investigations of 
Dynamics. 

FROST and WOLSTENHOLME.—K TREATISE ON SOLID 
GEOMETRY. By Percival Frost, M.A., and the Rev. J. 
WoLSTENHOLME, M.A., Fellow and Assistant Tutor of Christ's 
College. Svo. cloth, i&r. 

The authors have endeavoured to present before students as comprehensive 
a view of the subject as possible. Intending as they have done to make 
the subject accessible, at least in the earlier portion, to all classes of 
students, they have endeavoured to explain fully all the processes which 
are most useful in dealing with ordinary theorems and problems, thus di- 
recting the student to the selection of methods which are best adapted to 
the exigencies of each problem. In the more difficult portions of the sub- 
ject, they have considered themselves to be addressing a higher class of 
students ; there they have tried to lay a good foundation on which to build, 
if any reader should wish to pursue the science beyond the limits to which 
the work extends. 

GODFRAY.—K TREATISE on ASTRONOMY, for the use of 
Colleges and Schools. By Hugh Godfray, M.A., Mathematical 
Lecturer at Pembroke College, Cambridge. Svo. cloth, izr. 6d, 

" We can recommend for its purpose a very good Treatise on Astronomy 
by Mr. Godfray. It is a working book, tiding astronomy in its proper 

glace in mathematical science. But it begins with the elementary de- 
nitions, and connects 'the mathematical formulae veiy clearly with the 
visible aspect of the heavens and the instruments which are used for ob- 
serving \t.**^^uardian. 

— AN ELEMENTARY TREATISE on the LUNAR THEORY. 
With a brief Sketch of the Problem up to the time of Newton, 
By Hugh Godfray, M.A. Second Edition, revised. Crown 
Svo. cloth. 5j. 6d, 

HEMMING.— Kin ELEMENTARY TREATISE on the DIF- 
FERENTIAL AND INTEGRAL CALCULUS, for the use 
of Colleges and Schools. By G. W. Hemming, M.A., Fellow 
of St. John's College, Cambridge. Second Edition, with Cor- 
rections and Additions. Svo. cloth. % 
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JONES and CiTSFiV^.— ALGEBRAICAL EXERCISES. Pro- 
gressively arranged. By the Rev. C. A. Jones, M. A., and C. H. 
Cheyne, M.A., Mathematical Masters of Westminster School. 
New Edition. i8mo. cloth, is. 6d. 

This little book is intended to meet a difficulty which is probably felt more 
or less by all engaged in teaching Algebra to beginners. It is that while 
new ideas are being acquired, old ones are forgotten. In the belief that 
constant practice is the only remedy for this, the present series of miscel- 
laneous exercises has been prepared. Their peculiarity consists in this, 
that though miscellaneous they are yet progressive, and may be used by 
the pupil almost from the commencement of his studies. They are not in- 
tended to supersede the systematically arranged examples to be fotmd in 
ordinary treatises on Algebra, but rather to supplement them. 

The book being intended chiefly for Schools and Junior Students, the higher 
parts of Algebra have not been included. 

MORGAN.— A. COLLECTION of PROBLEMS and EXAMPLES 
in Mathematics. With Answers. By H. A. Morgan, M.A., 
Sadlerian and Mathematical Lecturer of Jesus College, Cambridge. 
Crown 8vo. cloth. 6j. 6d, 

This book contains a number of problems, chiefly elementary, in the Mathe- 
matical subjects usually read at Cambridge. They have been selected 
from the papers set during late years at Jesus college. Very few of them 
are to be met with in other collections, and by far the larger number are 
due to some of the most distinguished Mathematicians in the University. 

PARHr/NSON.— Works by S. Parkinson, B.D., Fellow and Prge- 
lector of St. John's College, Cambridge : — 

— AN ELEMENTARY TREATISE ON MECHANICS. For 

the use of the Junior Classes at the University and the Higher 
Classes in Schools. With a Collection of Examples. Third 
Edition, revised. Crown 8vo. cloth, 9^. 6d. 

The author has endeavoured to render the present volume suitable as a 
Manual for the junior classes in Universities and the higher classes in 
Schools. In the Third Edition several additional propositions have been 
incorporated in the work for the purpose of rendering it more complete, 
and the Collection of Examples and Problems has been largely increased. 

— A TREATISE on OPTICS. Second Edition, revised. Crown 
8vo. cloth, I Of. 6d. 

A collection of Examples and Problems has been appended to this work 
which are sufliciently numerous and varied in character to afford useful 
exercise for the student : for the greater part of them recourse has been 
had to the Examination Papers set in the University and the several Col- 
leges during the last twenty years. 

Subjoined to the copious Table of Contents the author has ventured to indi- 
cate an elementary course of reading not unsuitable for the requirements of 
the First Three Days in the Cambridge Senate-House Examinations. 
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/WJ5"y^^.— ELEMENTARY HYDROSTATICS. With numerous 
Examples. By J. B. Phear, M.A., Fellow and late Assistant 
Tutor of Clare College, Cambridge. Fourth Edition. Crown 8vo. 
. cloth, 5^. dd, 

** An excellent Introductory Book. The definitions are very clear ; the de- 
scriptions and explanations are sufficiently full and intelligible ; the in- 
vestigations are simple and scientific. The examples greatly enhance its 
value." — English Journal of Education, 

PRATT.— K TREATISE on ATTRACTIONS, LAPLACE'S 
FUNCTIONS, and the FIGURE of the EARTH. By John 
H. Pratt, M.A., Archdeacon of Calcutta, Author of "The 
Mathematical Principles of Mechanical Philosophy." Third 
Edition. CrowTi Svo. cloth, 6j. dd. 

PUCKLE.—K^ ELEMENTARY TREATISE on CONIC SECT- 
IONS and ALGEBRAIC GEOMETRY. With Easy Examples, 
progressively arranged ; especially designed for the use of Schools 
and Beginners. By G. H. Puckle, M.A., St. John's College, 
Cambridge, Head Master of Windermere College. Third Edition, 
enlarged and improved. Crown Svo. cloth, 7^. (^. 

The work has been completely re-written, and a considerable amount of new 
matter has been added, to suit the requirements of the present time. 

RA fFZ/A^^OiV.— ELEMENTARY STATICS. By G. Rawlin- 
SON, M.A. Edited by Edward Sturges, M.A., of Emmanuel 
College, Cambridge, and late Professor of the Applied Sciences, 
Elphinstone College, Bombay. Crown Svo. cloth. 4^. dd. 

Published under the authority of H. M. Secretary of State for use in the 
Government Schools and Colleges in India. 

'' This Manual may take its place among the most exhaustive, yet clear and 
simple, we have met with, upon the composition and resolution of forces, 
equilibrium, and the mechanical powers." — Oriental Budget. 

ROUTH.—K^ ELEMENTARY TREATISE on the DYNAMICS 
of a SYSTEM of RIGID BODIES. With Examples. By 
Edward John Routh, M.A., Fellow and Assistant Tutor of 
St. Peter's College, Cambridge ; Examiner in the University of 
London. Crown Svo. cloth, icxr. 6^. 

SMITH.— K TREATISE on ELEMENTARY STATICS. By 
J. H. SMITH, M.A., Gonville and Caius CoUege, Cambridge. 
Svo. 5j. 6d. 
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SMITH.— Works by Barnard Smith, M.A., Rector of Glaston, 
Rutlandshire, late Fellow and Senior Bursar of St. Peter's College, 
Cambridge : — 

— ARITHMETIC and ALGEBRA, in their Principles and Ap- 
plication, with numerous Systematically arranged Examples, taken 
from the Cambridge Examination Papers, with especial reference 
to the Ordinary Examination for B,A. Degree. Tenth Edition. 
Crown 8vo. cloth, icw. 6d. 

This work is now extensively used in Schools and Colleges both at home and 
in the Colonies. It has also been found of great service for students pre- 
paring for the Middle-Class and Civil and Military Service Ex- 
aminations, from the care that has been taken to elucidate ^it principles 
of air the Rules. 

— ARITHMETIC FOR SCHOOLS. New Edition. Crown 
8vo. cloth, 4J. 6^. 

— COMPANION to ARITHETIC for SCHOOLS. ^Preparing, 

— A KEY to the ARITHMETIC for SCHOOLS. Fifth Edition. 
Crown 8vo. , cloth, Ss. 6d, 

— EXERCISES in ARITHMETIC. With Answers. Crown 
8vo. limp cloth, 2s. (id. Or sold separately, as follows : — Part I. 
IS. ; Part II. is. Answers, 6d. 

These Exercises have been published in order to give the pupil examples in 
every rule of Arithmetic. The greater number have been carefully com- 
piled from the latest University and School Examination Papers. 

-r SCHOOL CLASS-BOOK of ARITHMETIC. i8mo. cloth, 
y. Or sold separately. Parts I. and II. lod. each ; Part III. is. 

— KEYS to SCHOOL CLASS-BOOK of ARITHMETIC. Com- 
plete in one Volume, i8mo., cloth, 6s. 6d. ; or Parts I., II., and 
III. 2s. 6d. each. 

— SHILLING BOOK of ARITHMETIC for NATIONAL 
and ELEMENTARY SCHOOLS. i8mo. cloth. Or separately, 
Part I. 2d.'y Part II. 3^.; Part III. "jd. Answers, 6d. 

The Same, with Answers complete. i8mo. cloth, is. 6d. 

— KEY to SHILLING BOOK of ARITHMETIC. i8mo. cloth, 
4r. (>d. 

— EXAMINATION PAPERS in ARITHMETIC. In Four 
Parts. i8mo. cloth, is. 6d, The Same, with Answers, i8mo. 
I J. ^d. 

— KEY to EXAMINATION PAPERS in ARITHMETIC. 
i8mo. cloth, 4r. 6d. 
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SNOWBALL.—Vl.K^Y. and SPHERICAL TRIGONOMETRY. 
With the Construction and Use of Tables of Logarithms. By 
J. C. Snowball. Tenth Edition. Crown 8vo. cloth, yj. (xi, 

TAIT and STEELE.— BYl<iAUlCS of a PARTICLE. With 
Examples. By Professor Tait and Mr. Steele. New Edition. 
Crown 8vo. cloth, los. 6d. 

In this Treatise will be found all the ordinary propositions connected with 
the Dynamics of Particles which can be conveniently deduced without the 
use of D'Alembert's Principles. Throughout the book will be foiuid a 
number of illustrative Examples introduced in the text, and for the most 
part 'completely worked out ; others, with occasional solutions or hints to 
assist the student, are appended to each Chapter. 

7:4 KZ(9^.— GEOMETRICAL CONICS ; including Anharmonic 
Ratio and Projection, with numerous Eicamples. By C. Taylor, 
B.A., Scholar of St. John's College, Cambridge. Crown 8vo. 
cloth, 7j. 6d, 

TODHUNTER.—^orVs by I. Todhimter, M,A., F.B.S., Fellow 
and Principal Mathematical Lecturer of St. John's College, Cam- 
bridge : — 

— THE ELEMENTS of EUCLID for the use of COLLEGES 
and SCHOOLS. New Edition. i8mo. cloth, 3J. 6d, 

— ALGEBRA for BEGINNERS. With numerous Examples. 
New Edition. i8mo. cloth, 2j. 6d, 

Great pains have been taken to render this work intelligible to yoimg students 
by tne use of simple language and by copious explauiations. In accord- 
ance with the recommendation of teachers, the examples for exercises are 
very numerous. 

— KEY to ALGEBRA for BEGINNERS. Crown 8vo., cl., 6f. ed, 

— TRIGONOMETRY for BEGINNERS. With numerous 
Examples. i8mo. cloth, 2s. 6d. 

Intended to serve as an introduction to the larger treatise on Plane Trigo- 
nometry, published by the author. The same plan has been adopted as in 
the A Igebrafor Beginners : the subject is discussed in short chapters, and 
a collection of examples is attached to each chapter. 

— MECHANICS for BEGINNERS. With numerous Examples. 
i8mo. cloth, 4r. 6</. 

Intended as a companion to the two preceding books. The work forms an 
elementary treatise on Demonstrative Mechanics. It may be true that 
this part of mixed mathematics has been sometimes made too abstract and 
speculative ; but it can hardly be doubted that a knowledge of the elements 
at least of the theory of the subject is extremely valuable even for those 
who are mainly concerned with practical results. The author has accord- 
ingly endeavoured to provide a suitable introduction to the study of applied 
as well as of theoretical Mechanics. 
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TODHUNTER.—^orks by I. Todllimter, TBL^K,— Continued. 

— A TREATISE on the DIFFERENTIAL CALCULUS. 
With Examples. Fourth Edition. Crown 8vo. cloth, lar. 6^. 

— A TREATISE on the INTEGRAL CALCULUS. Third 
Edition, revised and enlarged. With Examples. Crown 8vo. 
cloth, icxf. 6</. 

— A TREATISE on ^ANALYTICAL STATICS. With Ex- 
amples. Third Edition, revised and enlarged. Crown 8vo. cloth, 
lOf. (id, 

— PLANE CO-ORDINATE GEOMETRY, as applied to the 
Straight Line and the CONIC SECTIONS. With numerous 
Examples. Fourth Edition. Crown 8vo. cloth, 7^. td, 

— ALGEBRA. For the use of Colleges and Schools. Fourth 
Edition. Crown 8vo. strongly bound in cloth, is, 6d. 

This work contains all the propositions which are usually included in ele- 
mentary treatises on Algebra, and a large number of Examples for Ex- 
ercise. The author has sought to render the work easily intelUgible to 
students without impairing the accuracy of the demonstrations, or contract- 
ing the limits of the subject. The Examples have been selected with a 
view to illustrate every part of the subject, and as the number of them is 
about Sixteen hundred andji/ty, it is hoped they will supply ample exer- 
cise for the student. Each set of Examples has been carefully arranged, 
commencing with very simple exercises, and proceeding gradually to those 
which are less obvious. 

— PLANE TRIGONOMETRY. For Schools and Colleges. 
Third Edition. Crown 8vo. cloth, 5^. 

The desigpi of this work has been to render the subject intelligible to be- 
ginners, and at the same time to afford the student the opportunity of ob- 
taining all the information which he will require on this branch of Mathe- 
matics. Each chapter is followed by a set of Examples ; those which are 
entitled Miscellaneous Examples, together with a few in some of the other 
sets, may be advantageously reserved by the student for exercise after he 
has made some progress in the subject. In the Second Edition the 
hints for the solution of the Examples have been considerably increased. 

— A TREATISE ON SPHERICAL TRIGONOMETRY. 
Second Edition, enlarged. Crown 8vo. cloth, 4$-. 6d. 

This work is constructed on the same plan as the Treatise on Plane Trigo- 
notnetry, to which it is intended as a sequel. Considerable labour has 
been expended on the text in order to render it comprehensive and ac- 
curate, and the Examples, which have been chiefly selected from Uni- 
versity and College Papers, have all been carefully verified. 

— EXAMPLES of ANALYTICAL GEOMETRY of THREE 
DIMENSIONS. Second Edition, revised. Crown 8vo. cloth, 4f. 

— AN ELEMENTARY TREATISE on the THEORY of 
EQUATIONS. Second Edition, revised. Crown 8vo. cloth, 
7^". ^d. 
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^/Z^O^.— ELEMENTARY GEOMETRY FOR SCHOOLS. 
Part I. The Angle, Triangle, Parallels, and Equivalent Forces, 
with the Application of Problems. By J. M. WILSON, M.A., 
Fellow of St. John's CoU^e, Cambridge, and Assistant Master in 
Rugby School. \In the Press, 

— A TREATISE on DYNAMICS. By W. P. Wilson, M.A., 
Fellow of St. John's College, Cambridge ; and Professor of 
Mathematics in Queen's College, Belfast. 8vo. 9^. 6^. 

WOLSTENHOLME,^K BOOK of MATHEMATICAL PROB- 
LEMS on subjects included in the Cambridge Course. By Joseph 
WoLSTENHOLME, Fdlow of Christ's College, sometime Fellow of 
St. John's CoU^e, and lately Lecturer in Mathematics at Christ's 
College. Crown 8vo. cloth, &r. (yd, {Just published. 

Contents: Geometry (Euclid). — ^Algebra. — Plane Trigonometry. — Conic 
Sections, Geometrical.--Conic Sections, Analytical. — ^Theory of Equations. 
— Differential Calculus. — Integral Calculus. — Solid Geometry. — Statics. — 
Dynamics, Elementary. — Newton. — Dynamics of a Point. — Dynamics of 
a Rigid Body. — Hydrostatics. — Geometrical Optics. — Spherical Trigono- 
metry and Plane Astronomy. 

In each subject the order of the Text-Books in general use in the University 
of Cambridge has been followed, and to some extent the questions have 
been arranged in order of difficulty. The collection will be foimd to be 
imusually copious in problems in ue earlier subjects, by which it is de- 
signed to maxe the work useful to mathematical students, not only in the 
Universities, but in the higher classes of public schools. 
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G^^/Zr/ff.— ELEMENTARY LESSONS in PHYSICAL GEO- 
LOGY. By Archibald Geikie, F.R.S., Director of the Geo- 
logical Survey of Scotland. {Preparing. 

HUXLEY,— LESSOll!^^ in ELEMENTARY PHYSIOLOGY. 
With numerous Illustrations. By T. H. Huxley, F.R.S., Pro- 
fessor of Natural History in the Royal School of Mines. Fifth 
Thousand. i8mo. cloth, 4f. 6d. 

" It is a very small book, but pure gold throughout. There is not a waste 
sentence, or a superfluous word, and yet it is all clear as daylight. It 
exacts close attention from the reader, but the attention will be repaid by 
a real acquisition of knowledge. And though the book is so small, it 

manages to touch on some of the very highest problems The whole 

book shows how true it is that the most elementary instruction is best 
given by the highest masters in any science." — GuarduiH, 

'* The very best descriptions and explanations of the principles of human 
physiology which have yet been written by an Englishman." — Saturday 
Review* 
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ZOCiTKff^.— ELEMENTARY LESSONS in ASTRONOMY, 
with numerous Illustrations. By J. Norman Lockyer. 

[Preparing, 

OZ/Kff^.— LESSONS IN ELEMENTARY BOTANY. With 
nearly Two Hundred Illustrations. By Daniel Oliver, F.R.S., 
F.L.S. Third Thousand. i8mo. doth, ^,6d, 

" The maimer is most fascinatmg, and if it does not succeed in making this 
division of science interesting to every one, we do not think anything can. 
.... Nearly 200 well executed woodcuts are scattered through the text, 
and a valuable and copious index completes a volume which we cannot 
praise too highly, and which we trust an our botanical readers, young and 
old, will possess themselves of." — Popular Science Review. 

** To this system we now wish to direct the attention of teachers, feeling 
satisfied that by some such coiirse alone can any substantial knowledge of 
plants be conveyed with certainty to young men educated as the mass of 
our medical students have been. We know of no work so well suited to 
direct the botanical pupil's efforts as that of Professor Oliver's, who, with 
views so practical and with great knowledge too, can write so accurately 
and clearly."— iVa/«ra/ History Review. 

It is very simple, but truly scientific, and written with such a clearness 

which shows Professor Oliver to be a master of exposition No one 

could have thought that so much thoroughly correct botany could have 
been so simplv and happily taught in one volume." — American Joumal 
0/ Science and A rts. 
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I^OSCOjE.— LESSONS in ELEMENTARY CHEMISTRY, In- 
organic and Organic By Henry Roscoe, F.R.S., Professor of 
Chemistry in Owen's College, Manchester. With numerous Il- 
lustrations and Chromo-Litho. of the Solar Spectra. Seventh 
Thousand. i8mo. doth, 4s. 6d, 

It has been die endeavour of the author to arrange the most important facts 
and principles of Modem Chemistry in a plain but concise and scientific 
ifonn, suited to the present requirements of elementary instruction. For 
the piuTwse of facilitating the attainment of exactitude m the knowledge of 
the subject, a series of exercises and questions upon the lessons have been 
added. The metric system of weights and meastures, and the centigrade 
thermometric scale, are used throu^out the work. 

'*A small, compact, carefully elaborated and well arranged manuaL" — 
Spectator. 

" It has no rival in its field, and it can scarcely fail to take its place as the 
text-book at all schools where chemistry is now studied.**— CAemicaiNetus, 

"We regard Dr. Roscoe's as being by far the best book from which a 
student can obtain a sound and accurate knowledge of the facts and prin- 
ciples of rudimentary chemistry." — TAe Veterinarian. 
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RAMSA K— THE C ATECHISER'S MANUAL ; or, the Church 
Catechism illustrated and explained, for the use of Clergymen, 
Schoolmasters, and Teachers. By Arthur Ramsay, M.A. 
Second Edition. i8mo. \s, 6d. 

SIMPSOAT.^AN EPITOME of the HTSTORY of the CHRIST- 
IAN CHURCH. By William Simpson, M.A. Fourth 
Edition. Fcap. 8vo. y. 6d. 

SWAINSON.^K HAND-BOOK to BUTLER'S ANALOGY. 
By C. A. SWAINSON, D.D., Norrisian Professor of Divinity at 
Cambridge. Crown 8vo. is, (>d. 

WESTCOTT,—K GENERAL SURVEY of the HISTORY of the 
CANON of the NEW TESTAMENT during the First Four 
Centuries. By Brooke Foss Westcott, B.D., Assistant Master 
at Harrow. Second Edition, revised. Crown 8vo. lor. 6d. 

The Author has endeavoured to connect the history of the New Testament 
Canon with the ^owth and consolidation of the Chiirch, and to point out 
the relation existing hetween the amount of evidence for die aumenticity 
of its component parts and the whole mass of Christian literature. Such a 
method of inquiry will convey hoth the truest notion of the connexion of 
the written Word with the livmg Body of Christ, and the surest conviction 
of its divine authority. 

— INTRODUCTION to the STUDY of the FOUR GOSPELS. 
By Brooke Foss Westcott, B.D. Third Edition. Crown 
8vo. los, 6d. 

This book is intended to be an Introduction to the Study of the Gospels. In 
a subject which involves so vast a literature much must have been over- 
looked ; but the author has made it a point at least to study the researches 
of the great writers, and consciously to neglect none. 

— THE BIBLE m the CHURCH. A Popular Account of the 

Collection and Reception of the Holy Scriptures in the Christian 

Churches. Second Edition. By Brooke Foss Westcott, B.D. 

i8mo. clothj 4r. 6d. 

" Mr. Westcott has collected and set out in a popular form the principal facts 
concerning the history of the Canon of Scripture. The work is executed 
with Mr. Westcott's characteristic ability." — youmal of Sacred Literature. 

fVILSOJ\r,—AN ENGLISH HEBREW and CHALDEE LEXI- 
CON and CONCORDANCE to the more Correct Understanding 
of the English translation of the Old Testament, by reference to 
the Original Hebrew. By William Wilson, D.D., Canon of 
Winchester, late Fellow of Queen's College, Oxford. Second 
Edition, careftilly Revised. 4to. cloth, 2$s. 

The aim of this work is, that it should be useful to Clergymen and all per- 
sons enraged in the study of the Bible, even when they do not possess a 
knowledge of Hebrew ; while able Hebrew scholars have borne testimony 
to the help that they themselves have foimd in it 
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ARNOLD.—K FRENCH ETON ; or, Middle-Class Education and 
the State. By Matthew Arnold. Fcap. 8vo. cloth, 2j. 6d. 

**A very interesting dissertation on the system of secondary instruction in 
Fhance, and on uie advisability of copying the system m England."— 
Saturday Review. 

— SCHOOLS and UNIVERSITIES on the CONTINENT. 8vo. 
lor. 6^. 

BLAJCE^'-Pl visit to some AMERICAN SCHOOLS and COL- 
LEGES. By Sophia Jex Blake. Crown Svo. cloth, 6s, 

" Miss Blake gives a living picture of the schools and colleges themselves, in 
which that education is carried on.*' — Pall-MaU Gazette. 

"Miss Blake has written an entertaining book upon an important subject; 
and while we thank her for some valuable information, we venture to 
thank her also for the very agreeable manner in which she imparts it." — 
AtheneeufH, 

"We have not often met with a more interesting work on education than 
that before us." — Educational Times. 

ESSAYS ON A LIBERAL EDUCATION. . By Charles Stuart 
Parker, MA., Henry Sidgwick, M.A., Lord Houghton, 
John Seeley, M.A., Rev. F. W. Farrar, M.A., F.R.S., &c., 
E. E. Bo wen, M.A., F.R.A.S., J. W. Hales, M.A., J. M. 
Wilson, M.A., F.G.S., F.R.A.S., W.Johnson, M.A. Edited 
by the Rev. F. W. Farrar, M.A., F.R.S., late Fellow of Trinity 
College, Cambridge ; Fellow of King's College, London ; Assist- 
ant Master at Harrow ; Author of "Chapters on Language," &c., 
&C. Second Edition. In One Volume, 8vo. cloth, lor. 6d, 

FARRAR,-^l!i SOME DEFECTS IN PUBLIC SCHOOL 
EDUCATION. A Lecture delivered at the Royal Institution. 
With Notes and Appendices. Crown Svo. is, 

TffRING.—EDV CATlOl^ AND SCHOOL. By the Rev. Edward 
Thring, M.A., Head Master of Uppingham. Second Edition. 
Crown Svo. cloth, dr. 

YOC/MANS,—MODEKS CULTURE : its True Aims and Require- 
ments. A Series of Addresses and Arguments on the Claims of 
Scientific Education. Edited by Edward L. Youmans, M.D. 
Crown Svo. Sj. 6d. 
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